Fer Reference 


NOT TO BE TAKEN FROM THIS ROOM 


Ex AIBRIS 
UNINERSTCACIS 
p et CAEASIS 


Digitized by the Internet Archive 
in 2022 with funding from 
University of Alberta Library 


https://archive.org/details/Perfrement1978 


SG sail AE 
\ re on i 


oe i n ii yj we why hy + - a Tr J oF : 7 
. bi: s | i; . wy ; U 
ae a ah, : ‘i eye yer % ae Fe . 
dl | ie od ." rue & 7 Pay it 1" a ] 
a h 


aye ney aos enh dp W's oF) oat opt’ 


mre A 20 nae wanes soit: 


b eariabeun'?te + ae uf 


‘oy Ae whlys s led 


ie i Fee MHS: are ae 


4 pier ie] bass en ye 


a4 ¥e 7 ; aT YP hg RI ray 
, : : val \ 
DP i. y : : 
ae ee ee 
ate San P : 
Mi : ; i etie 14S 4 4 fails 
: 
5 Se iM ht vA ¥ 
4 
j | ‘4 
Beth if 4 Wi Na 
2) 
y t i Z .<) 
f wy ; ‘. , ‘yt : f es ty 
i ; 


OD Oe 
: AP ce ae . one ay 


7 ia ry j v i AY 


Atg neo. rite a Ti (ahh Aw 
Be | . 

j Rin. | 
; ce Lees - ees ow + nee | 
cas La 7 bai - epny 
ei 


i | 
nee nie 


THE UNIVERSITY OF ALBERTA 


DISCOVERY TEACHING AND PROBLEM SOLVING 


IN SENIOR HIGH SCHOOL MATHEMATICS 


by 


ac EILEEN J. PERFREMENT 


A THESIS 
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES AND RESEARCH 
IN PARTIAL FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE 


OF MASTER OF BDUCATION 
DEPARTMENT OF SECONDARY EDUCATION 


EDMONTON, ALBERTA 


FALL, 1978 


ABSTRACT 


The purpose of the study was to develop treatments which emphasize 
certain aspects of discovery teaching and to test these treatments in 
their ability to improve problem solving while maintaining achievement 
in mathematics teaching. Thirty six Mathematics 10 students were 
divided into three treatment groups of twelve students each. All three 
treatments, taught by the researcher, lasted eleven days, eighty minutes 
per day, with two days of testing for problem solving and achievement. 

The three aspects of discovery teaching examined were: 1) Student 
interaction, with students working independently as an expository aspect 
and students working in groups as a discovery aspect, 2) Teacher 
guidance, with the teacher controlling the classroom learning completely 
as an expository aspect and the teacher only introducing problems and 
consolidating the learning as a discovery aspect, and 3) Integration, 
with practice exercises like those studied as an expository aspect and 
problems involving new hypotheses as a discovery aspect. Three treat- 
ments were developed: 1) Expository (E), containing all expository 
aspects, 2) Discovery I (Dl), containing discovery aspects in student 
interaction and teacher guidance and an expository aspect in integration, 
and 3) Discovery II (D2), containing all discovery aspects. The Student 
Inventory of Teacher Behavior, involving a five-point preference scale 
on thirty items testing teacher omniscience, introduction of generali- 
zation, control of pupil interaction, methods of answering questions, 
use of student responses, and method of eliminating false concepts, was 
given to the students following the treatments. T-test. results indicate 


a significant difference at .05 level between treatments. 
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To test problem solving, the researcher developed the Problem 
Solving in Rational Expressions Test, consisting of eight items defined 
as problems and involving rational expressions in the solutions. Four 
scoring schemes were developed and applied, with separate statistical 
analyses reported: 1) Correct Answer, awarding points only to the 
correct answer, or product, 2) Quality of Answers, awarding full points 
only to the correct answer and awarding partial points to partial 
results, 3) Polya's Four Phases of Problem Solving, awarding points at 
all stages of problem solving, understanding the problem, design, 
procedure, and solution, and );) Quality of Response Approaches, awarding 
points for process of problem solving. There was no significant 
difference using ANOVA at .05 level between Groups E, Dl, and D2 for 
scoring schemes 1, 2, and 3, but there were significant differences 
at .05 level using a t-test between E and D2 for scoring scheme 3, and 
between the groups using ANOVA for scoring scheme in favor of D2. 

To test achievement, the researcher developed the Achievement in 
Rational Expressions Test, containing forty items similar to the 
practice exercises of E and Dl, covering the topics of the unit. ANOVA 
results indicate no significant difference at .05 level between groups. 

The researcher concludes that problem solving processes can be 
improved using the discovery method involving problems in the 
integration phase, while maintaining ability to find the product in 


problem solving and achievement. 
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Chapter I 


INTROWUCTION TO THE PROBLEM 


Background and Importance of the Problem 


Many authors have addressed themselves to the need for problem 
solving in the curriculum. Futurists agree that the coming curriculum 
needs to be based more upon process, in particular problem solving, 
discovery, experimentation, and evaluation, and less upon content. 
(Baughman 1971) "The future will bring new and more complex problems. 
Their solution will depend on whether society recognizes the need for 
training people in problem solving efforts." (Weir 197, p. 16) 
Crutchfield expands this idea by the contention that we cannot know 
the specific facts or even skills to teach in light of the knowledge 
explosion and rapidly changing state of the world. (Crutchfield 1965) 
Shapiro (1974) adds: 

Creative problem solving--the processing and manipu- 

lation of information for affective and cognifive 

goals--is believed by many educators to be the most 

significant skill needed by children to cope with a 

future society. (p. 2) 
Bruner (1966) looks for an approach to learning which allows the child 
to learn the material presented in such a way that he can use the 
information in problem solving. "We teach a subject, not to produce 
little living libraries from that subject, but rather to get a student 
to think for himself, to take part in the process of knowledge-getting." 
(Bruner 1966, p. 72) 

Other authors have addresses themselves more specifically to the 


need of problem solving in the mathematics curriculum. The National 
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Council of Supervisors of Mathematics (1977) takes the position that 
problem solving is the principal reason for studying mathematics. In 
addition, the United States Conference Board of the Mathematical 
Sciences states at the International Congress of Mathematicians: 

We regard problem solving as the basic mathematical 

activity. Other mathematical activities such as 

generalization, abstraction, theory building, and 

concept formation are based on problem solving. 

(Rosenbloom 1966, p. 130) 

Decision-making in our society involves the ability to think 
rationally and objectively. Historically, this has been the objective 
of mathematics teaching, which provides experiences in gathering and 
analyzing information and making deductions from that information. 
(Cooney 1975) Troutman and Lichtenburg (197) see mathematics problem 
solving as critical to real life situations. After leaving the class- 
room, students encounter situations that can be interpreted from the 
structure of a mathematical model. Polya (1965) also feels that one 
of the principal aims of the high school mathematics curriculum is to 
develop the students! ability to oe problems. Teaching problem 
solving in the mathematics class benefits all students, whatever their 
future occupation may be. There is the opportunity to develop certain 
concepts and habits of mind, which are important ingredients of the 
general culture. "Problem solving qualifies as the ultimate justifi- 
cation for teaching mathematics ... Ultimately, a student learns 
mathematics in order to solve a great variety of problems." (Travers 
et al 1977, p. 121) 

The discovery method of teaching and learning is also cited in 


the literature as an important part of the curriculum, According to 


Dewey (1933): 
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for the teacher or book to cram pupils with facts 

which, with little more trouble, they could dis- 

cover by direct inquiry, is to violate their 

intellectual integrity and to cultivate mental 

servility. (p. 257) 
Young (1971) believes that the effort of discovery is important, 
successful or not. Samples (1968) agrees that only through the process 
of discovery will a student learn to make discoveries, Children 
should be provided with problems that give them opportunities to make 
discoveries that are within their reach. (Adler 1971) According to 
Bruner (1971): 

With the active attitude that an emphasis on discovery 

can stimulate, with greater emphasis on intuition in 

our students, and with a courteous and ingenious 

effort to translate organizing ideas into the 

available thought form of our students, we are in a 

position to construct curricula that have continuity 

and depth and that carry their own reward in giving 

a sense of increasing mastery over powerful ideas 

and concepts that are worth knowing... (p. 177) 
Taba (1965) calls learning by discovery the "chief mode for intellectual 
productivity and autonomy." The student, through discovery, has 
increased ability to learn in unknown areas, to gather data, and to 
abstract from new ideas and concepts. 

"The role of any item of content or of procedure depends upon two 
things, its potential value with reference to the goals of mathematics 
instruction, and the effectiveness with which the item is incorporated 
into the classroom teaching process." (Jones 1966, p. 106) Since 
problem solving in the mathematics curriculum and in the curriculum in 
general seems to be such an important goal, an effective method of 
teaching problem solving must be found. A single unit on problem 
solving does not seem to be the answer. Problem solving needs to be 


used continually in all units of mathematics. One way to accomplish 
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this goal is to use a discovery approach to teaching mathematics. As 
shown, discovery teaching is also considered an important part of the 
curriculum, "The use of discovery in teaching to build the students’ 
confidence in their own ability to think and solve problems is 
certainly a highly desirable goal." (Morrisett 1966, p. 178) 

S. Williams (1975) sees problem solving skills and creative discoveries 
both encouraged in the classroom, When children learn by discovery, 
they are able to generalize their skills to solve problems that exist 
outside the classroom. (Kagan 1966) Bruner feels that discovery in 
learning is a necessary condition for learning the variety of tech- 
niques of problem solving. "Practice in discovering for oneself 
teaches one to acquire information in a way that makes that information 
more readily viable in problem solving." (Bruner 1968, p. 16) 

Law feels that teachers place too much emphasis on skills, or 
practicing a routine, and that once a technique has been demonstrated 
and practiced, the student is no longer in a problem solving situation. 
He fears that repetitive exercises will result in a reduction of the 
pupil's ability to cope in a new situation. He looks for the increase 
in discovery methods to encourage a problem solving approach. (Law 1972) 
To sun up the importance of problem solving through discovery, Polya 
(1957) has to say: 

A great discovery solves a great problem, but there 

is a grain of discovery in the solution of any problem. 
Your problem may be modest; but if it challenges 

your curiosity and brings into play your inventive 
faculties, and if you solve it by your own means, you 
may experience the tension and enjoy the triumph of 
discovery. Such experiences at a susceptible age may 


create a taste for mental work and leave their imprint 
on mind and character for a lifetime. (p. v) 
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The Statement of the Problem 


The problem is to develop treatments which emphasize certain 


aspects of discovery teaching and to test these treatments in their 


ability to improve problem solving while maintaining achievement. 


Research Questions | 


1. 


Can expository and discovery treatments be developed on the 
same topic unit such that students will be able to distin- 


guish between them? 


2e Are there differences in achievement between. students taught 
by a treatment involving no aspects of discovery teaching 
(expository) and treatments involving aspects of discovery 
teaching? 

3. Are there differences in problem solving ability between 
students taught by an expository treatment and discovery 
treatments? 

Definitions 
1. Discovery teaching is a teaching strategy which involves: 


1) an absence of teacher guidance except to present and 
consolidate a problem, 2) students working together in 
pairs, small groups, or as a class to explore, hypothesize, 
and evaluate a problem, and 3) integrating the processes of 


solving problems. 


2. Expository teaching is a teaching strategy which involves: 


1) total teacher guidance, 2) students working individually, 
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and 3) practicing previously learned algorithms. 


Problems are situations or questions which contain an obstacle 


or challenge that cannot be overcome by any automatic or 
previously learned algorithn. 
Problem solving is the process of accepting the challenge of 


a problem and striving to resolve Ge 


Product of problem solving is the answer to the problem. 
Process of problem solving is the approach used to solve the 


problem. 
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REVIEW OF THE LITERATURE 


Different theories of teaching and improving problem solving 
ability have been offered. Kinsella (1970) gives the following 
suggestions for improving problem solving: 1) Before presenting 
problems, provide for recall and organization of concepts, generali- 
zations, theorems, and methods relevant to the problems to be presented, 
2) Study the relations among the elements of problems and find the 
connections between what is given and what is found, and 3) Praise 
different ways of solving problems, encourage. easier and more direct 
ways of solving problems, have the students try one way to solve 
different kinds of problems, and use open-ended problems. Encourage 
students to be alert to neat solutions and alternative solutions. 

Point out that some solutions are more aesthetic than others. Although 
these suggentions are not contradictory, they contain different view- 
points. 

The first of Kinsella's theories deals with a hierarchy of 
knowledge, as Gagne's emphasis on sequences and organization of 
learning. For Gagne, the act of problem solving is the highest level 
of mathematical endeavor, and comes after the content learning of facts, 
concepts, and principles, (Shulman 1973) "To be an effective problem 
solver, the individual must somehow have acquired masses of structurally 
organized knowledge. Such knowledge is made up of content principles, 


not heuristic ones." (Gagne 1965, p. 170) Staats (1966) agrees that 
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in order to produce orginal problem solvers, the best experience is a 
good education in the field containing the problems. Fine (1966) adds 
that the time spent in teaching problem solving skills would be better 
used in the systematic study of some important discipline, "Although 
the development of problem solving ability as an end in itself is a 
legitimate objective of education, it is less central an objective 
than that of learning the subject matter." (Ausubel 1973, p. 151) 

The application of instructional planning techniques (as identifi- 
cation and prescription of specific, behaviorally stated objectives, 
the diagnosis of characteristics and previous learning of students, the 
utilization of carefully programmed and sequential instructional 
activities, and frequent evaluation) to creative problem solving 
courses can result in productive benefits to the students. 

(Treffinger 1975) Brownell advocates problem solving based on under- 
standing and gives preference to the form of instruction which enables 
the learner to best organize previous learning. (Brownell 19)2) 

Maier (1930) studied the role of direction on reasoning and prob- 
lem solving. Providing additional information resulted in improving 
the problem solving process. (Wittrock 1966) Scandura (1966) found 
that prerequisite practice, with feedback, facilitated problem solving. 
Exposure to information about the problems, together with related 
practice, reliably improved problem solving performance. 

This method of improving problem solving emphasizes teaching 
accumlated facts, concepts, and principles as needed prior to problem 
solving. 

The second method of improving problem solving as suggested by 


Kinsella is an analysis of the act of problem solving, making students 
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aware of the processes involved in problem solving. Dewey, Polya, and 
other advocates of step-by step heuristics fall into this category of 
teaching problem solving. Students are given a list of questions to 
ask about the problem or a specific method of attacking the problem. 

Post (1967) gave six weeks of practice on a list of processes from 
the literature on problem solving to ten Grade VII mathematics classes. 
He found no significant difference between the experimental and control 
groups. Brian (1967) also found no improvement in ability to construct 
mathematical models, to conjecture, to use axioms, theorems and 
algorithms, but some improvement in ability to settle conjectures, among 
college students trained in problem solving using a flow chart taken 
from Polya's heuristics. Similar results from Lerch (1966) using 
Grade V students, age ten to twelve, in a structured equation approach 
for the experimental group of 28 students and a traditional approach of 
having students ask questions about the probelm in the control group. 
Neither group grew more in complete problem solving ability, but the 
experimental group grew more in determining the procedure to use in 
solving problems. 

Wilson (1967) used eighty Grade IV students in three groups to 
test for choice of correct operation in problem solving. The three 
groups differed in kind of structure: 1) Action-sequence, 2) Wanted- 
given, and 3) Control with practice only. After nine weeks of 
instruction, three hours per week, the wanted~given group performed 
best on correct operation choice on one-step verbal problems. 

Smith (1973) found that subjects who received general heuristic 
instruction did not solve more transfer problems and did not solve them 


faster than did the subjects who received task-specific heuristic 
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instruction. Task-specific heuristic instruction is more effective 
that general heuristic instruction. in improving problem solving 
performance on some learning tasks. 

Yates (1976) trained students in a method adapted from Polya's 
heuristics. Unlike Brian, who had no significant results, Yates 
found that the training improved significantly the problem solving 
of persons not noted for creativity. The abilities to deduce, 
criticize, and organize were improved, while abilities to imagine 
and invent were not improved, 

Crutchfield (1965) also had positive results in training for 
problem solving. Upper elementary students were given lessons 
individually, each lesson a complete problem solving episode containing 
all the principal steps and processes in creative problem solving. The 
experimental group showed a marked superiority in creative problem 
solving over the control group, but not when the test problems were of 
a purely logical nature. 

Covington (1968) used a general problem solving program of sixteen 
lessons for Grades V and VI, each lesson a mysterious occurence or 
unexplainable happening which gave training in creative thinking and 
problem solving. The trained group involved 267 students, and 21) were 
in the control group. The performance of instructed children was 
significantly better than the control group on tests of problem solving 
and creative thinking. A retention test five months later also resulted 
in the trained group scoring significantly better than the control 
group in problem solving, but not creativity. 

Keil (196) used a method of improving problem solving which seems 


different from the ones Kinsella recommends. The Grade VI students who 
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wrote and solved problems of their own were superior in arithmetic 
problem solving ability to the Grade VI students who solved textbook 
problems. Two hundred children were used in the experiment. The 
treatment lasted sixteen weeks, one day per week, while the rest of 
the time students used the textbook. 

Treffinger (1971) also seemed to use a different method from 
Kinsella's three. He used 739 pupils in thirty six Grade V classes 
in three treatment groups: 1) Discussion treatments in which the 
teacher interacted with the pupils, discussing materials, and attempting 
to teach creative thinking and problem solving, 2) Non-discussion 
treatments in which the teachers just distributed materials and super- 
vised, and 3) Control group with normal classroom :activities. He 
concluded that creative thinking and problem solving abilities of 
Grade V pupils can be influenced by instructional efforts. 

Kinsella's third method of improving problem solving ability 


suggests discovery teaching. 


Theories of Discovery Teaching 

The meaning of discovery teaching varies. Morrisett (1966), 
Weimer (1975), Davis (1973), and Glaser (1966) believe that it changes 
from discipline to discipline. Strike (1975) adds that the meaning 
also differs with the level of difficulty within a discipline. There 
are two kinds of skills involved in the act of discovery: 1) heuristic 
skills involving the formulation of hypotheses and 2) epistemic skills 
involving the verification of hypotheses. The different heuristic and 
epistemic rules are different between disciplines and levels of diffi- 


culty within a discipline. When considering the variables involved in 
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the concept of discovery, the verification skills are central. 
(Strike 1975) 

Weimer (1975) also believes there is no one common use of the 
term discovery. His definition of discovery is a teaching strategy in 
which the object of the lesson is not explicitly communicated to the 
learner. He has a taxonomy of discovery teaching: 1) Inductive, 
guided or unguided, 2) Semi-inductive, 3) Deductive, guided or unguided, 
and ) Unguided or pure discovery, where only the problem is given. 

Gagne's position on discovery is an intervening process in which 
the student is not told an answer and finds it for himself. (Shulman 
and Keislar 1966) 

Higgins! (1971) characteristics of discovery teaching are: 

1) approaching the content through problems, 2) reflecting the problem 
solving techniques in the logical construction of instructional 
prodecures, 3) demanding flexibility for uncertainty and alternate 
approaches, and ) maximizing student action and participation in the 
teaching-learning process. 

The common feature of theories of discovery is the change in roles 
of teacher and students. The students actively participate to discover 
the object of the lesson, while the teacher presents the problem to the 


students, but does not explicitly communicate the object of the lesson. 


Research on Discovery Teaching 

Breaux (1975) found that in inductive reasoning, the discovery 
method had the highest mean error on a transfer task than either 
deductive reasoning from discovery or presentation or inductive by 


presentation. In a guided-discovery method versus a conventional 
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method in Grade IX General Mathematics involving 290 students in 
twelve classes, the conventional group performed Significantly better 
on one achievement test (GMAT) but not on the other (STEP). There was 
no significant difference in change of attitude. (Howitz 1965) In 
attempting to determine the relationship of the discovery method in 
mathematics to creative thinking, Studer (1971) studied Grade IV and VI 
students in expository and discovery treatments. Using the Torrence 
Tests of Creative Thinking, which measure fluency, flexibility, 
originality, and elaboration, the Grade VI expository and Grade IV 
discovery were more creative. 

Roughead and Scandura (1968) were concerned with two questions: 
1) Can "what is learned" in mathematical discovery be identified and, 
if so, can it be taught by exposition with equivalent results? and 
2) How does "what is learned" depend on prior learning and on the 
nature of the discovery treatment itself? The discovery subjects had 
to learn to derive solutions whereas solution-given subjects did not. 
The answer to question (1) is that sometimes "what is learned" during 
guided discovery can sometimes be identified and taught by exposition. 
However, the discovery subjects may have attained a higher order 
ability to derive rules for discovery. In question (2), the presen- 
tation order is critical when the hints provided during discovery are 
specific to formulae rather than a general strategy, and the presen- 
tation is not critical when the subjects learn derivation rules. 

Gagne and Brown (1961) also were looking for "what is learned," 
but were unable to find the differences between the superior 
discovery groups and the rule-given groups. High school students were 


placed in three experimental groups: Rule and Example, Discovery, and 
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Guided Discovery. In transfer to new rules, the guided discovery 

group had the best performance, then the discovery group, with rule 

and example the worst. The results support a suided discovery procedure 
for the teaching of the derivation of new but related rules. 

Another study on guided discovery with results in favor of guided 
discovery involved 135 Grade IX boys studying the micrometer caliper, 
The three groups were traditional, discovery, and control. On initial 
learning and retention at one week, there was no significant difference 
between traditional and discovery. However, there were significant 
differences in favor of discovery in retention at six weeks, transfer 
at one week, and transfer at six weeks. (Ray 1961) 

In a research study with Grade X General Mathematics students in 
three groups, traditional, discovery, and transfer to problems of the 
real world, Price (1967) found that the discovery group showed a 
greater increase in mathematical reasoning than the control group, and 
the transfer group showed significant increase in critical thinking 
ability. 

Jordy (1976) had mixed results with two programs, Unified 
Mathematics II for Grade VIII and Unified Mathematics III for Grade IX. 
The experimental groups had ten discovery lessons, and the control 
groups used the textbook. In Grade VIII, the experimental group was 
slightly lower in achievement and had a significantly positive attitude. 
The groups were equal on creativity. The experimental group in Grade IX 
had 75% of items correct on the achievement test, while the control 
group had 50% of items correct on the achievement test. There was no 
effect on attitudes. 


Guthrie (1967), Hermann (1969), and Rizzuto (1970) found fewer 
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errors on a transfer test for the discovery group than an expository 
group. 

A descriptive study on one mode of discovery teaching, the 
Mathematizing Mode, was done by Johnston (1968). He gives four stages: 
1) Introduction of the Activity, during which the teacher presents the 
problem situation and the students explore relationships, patterns, and 
possible solutions, 2) Brainstorming Session, during which the students 
share all hypotheses generated with the group and the teacher records 
the hypotheses without attempting to evaluate them, 3) Seminar Type 
Discussion, during which the teacher introduces the necessary conven- 
tions and definitions, the students evaluate the hypotheses through 
discussion, and the teacher provides questions for practice to reinforce 
the established hypotheses and to explore for the next activity, and 
4) Summary, during which the teacher introduces the precise mathematical 
description of the ideas already discussed, and the students apply the 
mathematical principles to problems. Johnston then applied this mode 
of teaching to specific units and described the results. 

Tschofen (1973) did a follow-up descriptive study on the 
Mathematizing Mode. She also applied the mode of teaching to a specific 
unit and described the implementation in the classroom. In trying to 
classify her observations into Johnston's (1968) four stages, she 
arrived instead at six activities which take place during a 
mathematizing unit: 1) Introduction, during which the unit is 
introduced briefly by the teacher, and the students are presented with 
the problem, 2) Exploration of the Problem during which the students 
redefine, reorganize, and uncover existing relationships of the problem, 


3) Hypothesizing, during which students consider possible solutions or 
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relationships and present them to the class, without any effort at 
evaluation, ) Evaluation, during which students check ideas against 
mathematical reality, and hypotheses are accepted, rejected, or altered, 
5) Summary, during which the teacher and students summarize the concepts 
and relationships, verbalize the generalizations, and make known the 
conventions, and 6) Practice, during which students practice techniques 
and concepts they have learned, either after the swmary or during all 
activities, especially evaluation. All activities are accomplished 
through a personal-inquiry session or a group discussion. 

Sigurdson (1971) lists four phases of the Mathematizing Mode: 
1) Exploration, 2) Hypothesizing, 3) Evaluation, and ) Closure, 
standardizing, consolidating, and practice. Students work in pairs 
when not involved in a large group discussion by the entire class. 
The emphasis is on process objectives as well as content objectives. 
To this end, all hypotheses are tolerated, correct or incorrect, and 
all students are actively involved. An open thinking atmosphere is 
encouraged. 

The last three researchers focused on student discovery and 
evaluation, rather than teacher exposition. The teacher presents the 
problem and consolidates the learning students have been actively 


involved ‘iin. 


Theory Supporting the Use of Discovery to Teach Problem Solving 
Bruner (1968) believes that discovery in learning is a necessary 

condition for learning the. variety of techniques of problem solving. 

"Problem solving situations are usually designed to require discovery 


on the part of the learner. This is an inevitable part of their makeup; 
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otherwise they would probably not be called problem solving." 

(Gagne 1966, p. 147) Troutman and Lichtenberg (197), in describing 
the specific abilities related to problem solving, say that the 
teacher helps students discover properties of mathematical models 
when they find characteristics of objects or mathematical ideas, 
Strickland (1968) reports a surprising sophistication and ability to 
generalize by almost all students, regardless of apparent academic 
ability, when science teachers have used a discovery approach to 
encourage critical thinking and problem solving. Gray (1975), also, 
in describing a program where students use an inquiry method, claims 
that "this would seem to link aspects of problem solving and creativity 
with a discovery method." (p. 2u),) 

Even Ausubel, who is generally considered to be an opponent of 
discovery, "challenges discovery teaching and learning as a unique 
generator and developer of motivation and problem solving ability." 
(Ausubel 1973, p. 233) By his use of the word "unique," he implies 
the relationship between discovery teaching and problem solving 
ability. 

Although the following articles do not directly refer to the 
connection between discovery and problem solving, the underlying 
assumption is that through efforts of problem solving one is learning 
by discovery. According to Craig (1956): 

Many have advocated relatively independent problem 
solving in the belief that learning situations 
should be similar to anticipated transfer situations. 
This point of view rests on the assumption that 
future discovery of principles will be through 
independent problem solving, hence it is more like 
pupil self-discovery than directed discovery... 

The more direction of this kind available to the 


learner, the more effective his discovery on new 
relations. (p. 233) 
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Anderson (1967) makes a similar point that to develop effective problem 
solving skills, the student must be trained, have practice, and have an 
appreciation of the value of being a problem solver. Polya (1957), 
Brownell (192), Krulik (1977), Adler (1971), Scandura (196), and 
Wittrock (1966) also believe that students learn to solve problems by 
being actively involved in a problem solving situation. 
Bruner (1968) states: 

It is my hunch that it is only through the exercise 

of problem solving and the effort of discovery that 

one learns the working heuristics of discovery, and 

the more one has practice, the more likely is one to 

generalize what one has learned into a style of 

problem solving or inquiry that serves for any kind 

of task one may encounter, or almost any kind of 
Kagan supports Bruner, saying that when children learn by discovery, 
they are able to generalize their skills to solve problems that 


exist outside the classroom. 


Research Supporting the Use of Discovery to Teach Problem Solving 


In Kersh's (1958) work with high school students, he concluded 
that the discovery group produced the best performance on the accep- 
table methods of solving problems approximately one month after 
learning. 

Ninth grade algebra students taught by a discovery method showed 
significantly greater improvement in problem solving performance than 
a class taught by a textbook method. (Ashton 1962) 

Scandura's (196) three studies showed improved problem solving 
ability. Eventhough the treatments were only one day in length, the 


indirect discovery instruction may have promoted learning how to attack 
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problems, 

Forty five high ability Grade VIII and IX students studying 
number-sequence concepts by programmed materials in a one-day 
instruction were the subjects of a study by Meconi (1967). They were 
divided into three treatment groups: Rule and example, Guided dis- 
covery, and Pure discovery. While all three approaches led to learning 
and there were no significant differences on a problem solving test of 
immediate transfer, the pure discovery group was the most effective as 
far a time taken to learn and solve problems. 

Wills (1967) determined that students can significantly improve 
their problem solving ability in addition to content learned by 
discovery. The subjects were 561 high school students from twenty 
four Intermediate Algebra classes. Two groups received two weeks of 
instruction: Covert group was administered instructional materials, 
and Overt group used instructional materials and received instructions 
from their teachers. The students in the covert group did as well on 
the test designed to measure ability on "how to discover" as the group 
which was taught how to discover. 

Worthen (1968) studied Grade V and VI students in the content of 
integers, the distributive principle, and the exponential notation. 
The aspect of discovery examined was the sequencing of the controlled 
variable. Treatment D(discovery) delayed the verbalization of the 
concept generalization until the end of the instructional sequence, 
while treatment E(expository) had the verbalization as the initial step 
in the instruction. Treatment D was significantly better (p .05) on a 
written heuristic transfer test and (p .025) on an oral heuristic 


transfer test. Therefore, learning by discovery techniques 
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significantly increases pupil ability to use discovery problem solving 
approaches in new situations. However, when the class mean is used 
as the unit of analysis rather than the pupil as a unit of analysis, 
the written heuristic transfer test had F=2.02 and the oral F=2.29. 
Therefore, there was no significant difference between the treatments. 

Sage (1971) found a significant difference in favor of the datas 
method in problem solving performance. Fifty three college students 
enrolled in three sections of an industrial technical education course 
received eleven weeks of instruction, one section receiving inquiry 
training and two sections receiving lectures. Although there was no 
significant difference on knowledge, a problem solving cognition test, 
or problem solving time, there was a significant difference on problem 
solving performance and number of inquiries made in favor of the inquiry 
trained group. 

Williams (1972) also used an inquiry method, in this case with 
Grade VI students of middle-reading ability, on mathematical verbal 
problems. Three treatments were used: Inquiry, Taped formal-analysis, 
and Conventional. The students who received instruction in the inquiry 
method made significant improvement over the conventional classroom 
method group in mathematical verbal problem interpretation. 

The purpose of Leggette's (1974) study was to determine whether a 
greater increase in problem solving ability of college freshmen occurs 
when students are taught to use discovery techniques. The experimental 
group had three hours per week instruction in the problem solving 
process as a concept on the use of heuristics in a mathematics class. 


The problem solving skills of the experimental group increased more 


than the control group. 
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Volchansky (1968) worked with fifty six Grade VIII mathematics 
students, thirty in the control group and twenty six in the discovery 
group. The students who were taught a mathematical concept through a 
discovery approach did significantly better at .01 level in answering 
questions of an analytical nature, a similar process as problem 
solving. 

Ballew (1965) looked at the effectiveness of discovery teaching 
on critical thinking ability, another similar process to problem 
solving. He defines critical thinking as a matter of interpreting 
facts, applying generalizations, and reorganizing errors in logic. 

He used first year algebra students in two experimental groups and one 
control group. Both experimental classes improved significantly in 
critical thinking ability, with no significant difference in achievement 


between the control class. 


Theory and Research Using Groups in Discovery Teaching 


Higgins (1971) believes that group processes should be used in 
discovery teaching. Students working together in a small group to 
solve a problem may result in much more involvement than struggling 
to solve the problem individually. Goodlad (1965), Cronbach (1966), 
Shulman and Keislar (1966), and Williams (1975) also recommend small 
group work in the study of discovery teaching. 

The results of a study by Gagne and Smith (1962) lead them to 
conclude that verbalization, which indicates group problem solving, 
helps students think of new responses for their moves in problem 


solving, and thus facilitates both the discovery of general principles 


and solving successive problems. 
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Davidson (1970) studied freshmen college students in Calculus in 
a guided-discovery approach using small groups. The four-member groups 
stated and proved theorems of calculus and developed techniques for 
solving classes of problems, The teacher gave hints, checked solutions, 
and provided mathematical input in the form of questions for investi- 
gation as well as encouragement. The discovery small-group method 
resulted in slightly better achievement scores than the control group. 
Additionally, there was a positive or non-negative effect upon each 
student's interest and estimate of problem solving skill. 

The purpose of a study by O'Brien and Shapiro (1977) was to compare 
discovery learning in groups and individually with reception learning 
through the use of addition and multiplication grids as vehicles for 
developing pattern-seeking abilities. The mumber of patterns found in 
the grids on the initial achievement, retention, and transfer tests 
are the dependent variables. The subjects were forty five full-time 
teachers in an introductory research course required for the master's 
degree. Three groups of fifteen subjects each were given one of three 
treatments: Group discovery, Individual discovery, and Reception 
learning. The group-discovery group performed significantly better on 
retention and transfer, while the reception group performed signifi- 
cantly better on initial acheivement. 

Olah (1976) also studied adults for the effect of group processes 
on problem solving ability. Two groups were compared in response to 
three problem solving exercises: 1) Traditional model, which featured 
a structured educational format, uni-directional cummunication pattern, 
and instructor dominance over in-class activity, and 2) Innovative 


model, which featured open discussion, two-way communication, and 
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participant controlled in-class activities. The participants in the 
Imnovative model responded appropriately to the three problem solving 
exercises more frequently than the participants in the Traditional 
model. 

Hudgins and Smith (1966) examined the productivity of small problen 
solving groups of three students in Grades V to VIII. When the most 
able member of the group is of high status, the mmber of problems 
solved cooperatively is no greater than the number of problems solved 
by the most able member. When the highest ability student is of low 
status, the group is more productive at solving problems than the 
individual high ability student. 

The evidence from these research studies suggests the most 
effective discovery teaching methods involve group discoveries to 


problems, 


Theory of Using Practice in Discovery Teaching 
According to Kersh (196), what is learned by the discovery 
process is what is practiced during the process. Kersh says: 
The learner may acquire more effective ways of 
problem solving through the discovery process 
than through another process simply because he 
has an opportunity to practice different tech- 
niques and because his more effective techniques 
are reinforced, (p. 321) 
Chambers (1971) also agrees that the process of discovering principles 
is probably best learned by practice. 
Using discovery methods, then, would be more valuable. to students 


than practicing the concepts or generalizations discovered, 
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Summary and Implications 


The research presented has shown that problem solving can be 
taught, and one of the methods used is discovery teaching. In 
discovery teaching, student participation in discovering the object 
of the lesson without teacher guidance, group work, and the process 
of making more discoveries are important features of discovery 


experiences, 
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Chapter III 


CONCEPTUAL FRAMEWORK 


Dimensions of Discovery Teaching 


The term "discovery" cannot characterize adequately a type of 
instruction. The term has been associated with any number hie combi- 
nation of approaches. Research in the area of discovery teaching needs 
better definition. "One obvious prerequisite to further progress in 
this area is the replacement of such general terms as discovery and 
exposition with far more precise descriptors." (Shulman 1970, p. 68) 
Shulman discusses the dimensions along which instructional types can 
be classified. 

The first dimension is degree of guidance. The two extremes are 
total teacher guidance over the learning situation and no guidance 
from the teacher. 

The second dimension is the sequence of instruction, referring to 
inductive sequences or deductive sequences. Inductive sequences begin 
with specific examples or instances followed by a generalization of 
the rule or principle which can be inferred from the examples. 
Deductive sequences begin with principles previously known. Additional 
knowledge is then derived from them. 

A third dimension is the contrast between a situation in which a 
problem is given to students, called problem solving, and a situation 
in which the learner must formulate a problem, called inquiry. 

The fourth dimension under consideration is the didactic-Socratic 


dimension, Didactic refers to imparting facts rather than inspiring 
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ideas, with an emphasis on rules, principles, standards of conduct, and 
authoritative guidelines. Socratic method involves a dialogue between 
the teacher and student in which the student reaches the desired conclu- 
sion through a carefully arranged sequence of questions. The main 
feature of this dimension is the involvement of the learner. 

Four other dimensions along which instruction can be classified 
are given by Cronbach (1966). The fifth dimension is the character of 
the guidance in the form of hints given or not given about the solution 
of the problem. 

The sixth dimension is the verbalized or nonverbalized rules. 

Once a generalization is found, the student can formulate the generali- 
zation in words, or he can use it without clearly stating it. 

A closely related seventh dimension is the criterion for deciding 
when a student has reached a solution and can go on t@ new. work. This- 
dimension deals with the consolidation or practice aspect of a learning 
situation. 

The eighth dimension is individual versus group instruction. In 
group instruction, students help each other face a problem together and 


throw their partial insights into the discussion. 


Three Aspects of Discovery Teaching In Detail 

Since a study which considers each of the eight dimensions of 
discovery teaching would become unwieldy, this study will focus on 
three aspects of discovery teaching: 1) Student interaction as in 
dimension eight, 2) Guidance as in dimension one, and 3) Consolidation 
or practice as in dimension seven. Each lesson or activity has two 


Phases: 1) Developmental phase, in which the concept is developed, and 


i ee ee ee ee oe 
: rv) Oe ie 


bas. oilbiad ‘ns abectingdh: 4 i aoe 
er bt “ | 
‘ecco anes ; we en ae es 
apilodos bwateab and ROTO 7" vA ie Maeadii 
. ‘y ; b : Ph \rs yes 7 
\ athens ool ee m4 | 


1 
7e 


eneirinel ‘silt sere: ih wh sya she wt 
. oe = is } en 


bettznante oS ase presi sii 
lo aFoemaio oy ot cada y ies as é 
nobietey sa dpods. new ly tka oe con aa 


dt anktuts coeseke pwede ab wes Re aang 
witiisont Tob teach: mk? ek antemuihp ‘isnyse oats lant & J ; 
ett? ed no oo ute bow co ease tn 
qobortee, oe goagee gokfere], sp qabateaaua any foie ted neon 
at ceiphdea nivel aides manny Lacbiwtion’ at er ee 
oie nodose mel pomg e208). sade, dead gent ponent ti onsite gies 


AB RY HL ais wah tit ee 


Pte vig! DA 1 vw 7 


a) 


ere y “ 7 ie ne ae . | | | 
+ aiden lace aia ie oe re | 7. 
i EOS 7 a ar b> ma i. x i 
eterno eles sel Ae wg 
ap ttabssancand 5 te suk pit val esr co par mel 
' i de F ag 
Beaterk iach eae nampa al venhl 


vA ve a | ; ' 
AG hs ; 7 seat 7 : y 


27 


2) Integrative phase, in which the concept is integrated into the schema 
or existing knowledge of the student. The developmental phase can be 
thought of as the awareness phase and the integrative phase as the 
application phase. According to Piaget, there is assimilation when new 
information is taken into already existing patterns and structures, and 
accomodation when new activities are added to an organism's repertoire 
or old activities are modified in response to the impact of environ- 
mental events. (Berlyne 1957) The degree of guidance will be referred 
to as the independent variable of the developmental phase, and consoli- 
dation or practice will be the independent variable of the integrative 
phase. Student interaction is part of both phases, and for purposes 

of this study, will remain constant in both phases of learning. 

The three independent variables of student interaction, guidance 
in the developmental phase, and the integrative phase were chosen as 
important aspects of discovery teaching. Student interaction is very 
important according to Skemp: (1971). When speaking our thoughts to 
another, we are also communicating them to ourselves. He also believes 
that audible speech is superior to sub-vocal speech in bringing ideas 
into consciousness more clearly and fully. "When a discussion takes 
place, we get this subjective effect on both sides, together with the 
interaction of ideas which is the more conscious purpose of those 
taking part." (p. 98) In addition to making ideas clearer, other 
students in the group can guide the individual student. (Shulman and 
Keislar 1966) Bruner believes in instruction providing incongruities 
or contrasts, as when students formulate different hypotheses. Higgins 
(1971) says that discovery should make great use of group processes. 
"One way to increase the probability of alternate solution approaches 
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is to increase the input of ideas fed into the problem situation. This 
method argues, in turn, for involving as many different sources of ideas 
as possible." (p. 181) 

The importance of the guidance variable in the developmental phase 
is stated by Shulman (1970): "Those favoring learning by discovery 
advocate the teaching of broad principles and problem solving through 
minimal teacher guidance and maximal opportunity for exploration and 
trial-and-error on the part of the student." (p. 178) Worthen (1968) 
distinguishes between guided and unguided discovery. Wittrock (1966) 
distinguishes between guided discovery and pure discovery in his model, 


shown in Table l. 
TABLE 1. WITTROCK'S MODEL OF DEGREES OF GUIDANCE IN DISCOVERY (p. 187) 


Rule Solution Type of Guidance 


Given Given Exposition 

Given Not Given Guided Discovery (Deductive) 
Not Given Given Guided Discovery (Inductive) 
Not Given Not Given Pure Discovery 


The integrative phase of discovery teaching is illustrated by 
Bruner's position on transferability. "For Bruner, one starts with 
the complex and plans to learn the simple components in the content by 
working with the complex." (Shulman.1971, p. 188) He believes both 


motivation and transferability will be improved. He identifies six 


7~ 
ih 


i al < 


46 fon) ih eel 


a a  s, wens | 
ymevong ih gt salewed QaOlBS PRUE RNAV cane ae: eee 
eS 
riguerst yalvto:t ee lca Saar eee 
ee 
hem mokethaatance oh ye hag 
Poe a ee 


Cages > ipod iu ari Pnom ae nc 


tebe etd ed owed oh dbs 


7 
" 
TUR? Y, 


ii Ds + mn 427A 


\ 
we 


ok os a on fis ; pe My a a <4, 
+ , 


 RaSat cages ee Mile -_ 
| miei bats t4 “eng? 
- a ae tah a. me 
geet aoe 
(aivctotophagt yameaatt oie 
(echoed) “pearweiis sickded 
eae ae 


ee 


chee 
pane 


oe 


subproblems in teaching a child in such a way that he will use the 
material appropriately. Two of these are applicable to this study. 
The first is practice in the skills related to the use of information 
and problem solving "because it turns out that however often you may 
set forth general ideas, unless the student has an opportunity to use 
them, he is not going to be very effective in their use." (p. 103) 
The second subproblem is discovering what it is that you have been 
doing and discovering it in such a way that has productive power to it. 


(Bruner 1966) 


Descriptions of the Independent Variables 


In considering each of the independent variables, the extremes will 
be used. Student interaction refers to the degree that students 
communicate with one another. Open student interaction means that 
students are working together and communicating with one another at 
least 80% of the class time. Students are working in pairs, small 
groups, or large group discussions. The other extreme, closed student 
interaction, means that the students are working together and 
communicating with one another for less than 20% of the class time. 
Open student interaction is an aspect of discovery. 

Guidance in the development phase refers to the degree to which 
the teacher controls the content and direction of learning. Open 
guidance means the teacher poses a problem, lets the students pursue 
the problem, hypothesize, and evaluate, and controls the conversation 
only during the evaluation and consolidation phases of learning. 
Closed development means the teacher controls the entire Learning 


sequence, either by questions to students or didactically. Open 
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guidance in the developmental phase is an aspect of discovery. 

Concept integration phase refers to the consolidation stage of 
teaching. After the students or teacher have made the generalization, 
the practice or application of that generalization can be open or 
closed. Open integration means the students are presented a problem 
and respond to the following conditions as defined by Merrill and Wood 
(1974): 1) Rule finding: given labels and unencountered instances of 
the domain concepts and range concepts, the student is able to find or 
invent an operation that will complete the ordered relationship between 
domain and range. 2) Domain finding: given the label and unencountered 
instances of the range concept and the operation, the student is asked 
to find domain concepts with instances such that the operation will 
produce the instance of the range given. 3) Operation and range 
findings given labels or instances of domain concepts, the student is 
asked to find his own operation and define his own range. 1) Domain, 
operation, and range finding: given a range label, the domain and 
operation are left to the student. The response conditions as defined 
here are also applicable to the open guidance of the developmental 
phase. 

Closed integration means the student responds to the following 
conditions as defined by Merrill and Wood: 1) Discriminated recall, 
2) Classification, 3) Rule using: given unencountered instances of 
domain concepts and the operation, the student is able to produce or 


identify the resulting instances of the range concepts. 
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Possible Treatments Based on Cambinations of Independent Variables 
An examination of the combinations of the three independent 
variables assigned as open or closed will lead the reader to eight 


combinations of the independent variables, as shown in Table 2. 


TABLE 2. EXTREMES OF THE INDEPENDENT VARIABLES 


LL ET a LS SOLA IO EE AS A ET ST SSS 


Independent Variables Closed Open 
eae tee ee en Re ee) oe ce ae 
Student Interaction A, By 
Guidance in the Developmental Phase Ay B, 
Integration Phase A, Bs 


The combinations are then: 


1) A, A, A No elements of discovery teaching 


2 eb A Addition of open student interaction 


3), BoB Addition of open guidance in the development 
LNT Gs ke see &) All elements of discovery teaching 


Addition of open integration 


5 
5) 
5) A, By A, Open guidance in the development 
6) hab By 
3 


Open integration 


2) A, A, B 
CG), Bs ASD Open interaction and integration 

Although the student interaction could be different in the develop- 
mental phase and the integration phase, for purposes of this study, 


student interaction will remain constant for both phases. 


Group 1 has no elements of discovery teaching. Students do not 
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work together, and the only student interaction that occurs is outside 
of class, since this cannot be controlled, and during the class discus- 
sions with the teacher as leader. The teacher controls all aspects of 
the learning situation. The problems assigned to students will be 
discriminated recall, classification, or rule using. 

Group 2 introduces the open student interaction variable of 
discovery. Students actively work together on a problem presented by 
the teacher. Since the guidance of the developmental phase remains 
closed, there is a great deal of guidance by the teacher. The problem 
to be worked on consists of carefully selected examples by the teacher. 
The teacher also controls the direction the students are taking. In 
small group work the teacher monitors carefully the progress made by 
the group, guiding the students back on track as soon as possible if 
they are not going the direction intended by the teacher. Also, the 
integration phase consists of discriminated recall, classification, 
and rule using. 

Group 3 introduces yet another aspect of discovery, open guidance 
in the developmental phase. The student interaction occurs as in 
Group 2. The teacher, instead of leading the students and guiding them 
back to the direction desired by the teacher, lets the students pursue 
any direction. Lessons, instead of being completed each day, could 
last several days. To distinguish between a daily lesson and these 
longer discovery lessons, the word Nactivity" will be introduced to 
refer to the longer lessons. Students in this group need to improve 
their evaluation skills, as most likely many different conflicting 
hypotheses will appear. At the end of the activity, to reinforce and 


consolidate the generalizations discovered, students are assigned 
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exercises of discriminated recall, classification, and rule using. 

Group has all aspects of discovery teaching. Students have 
open interaction and open guidance of the developmental phase as in 
Group 3, and in addition, at the end of the activity, students have 
open integration, that is, problems involving rule finding, domain 
finding, operation and range finding, and domain, operation, and range 
finding. As Ong (1976) puts it: 

In problem situations of this structure, one or 
two of the parameter sets are given in quite 
broad terms with many possible interpretations 
and implications embedded, and the students are 
required to search for a variety of solutions or 
solution sets for the remaining parameter sets. 
Flexibility is the key feature of creative problem 
situations. (p. 58) 

Group 5 involves closed student interaction, open development, and 
closed integration. The teacher presents the problem to the students, 
and the students then work individually, making their own hypotheses 
and evaluating them individually. Students receive no guidance from 
the teacher, as in closed development, or from each other, as in open 
integration. Therefore, every student needs good evaluative skills to 
test their hypotheses. The problem with this teaching method is the 
possibility that students will not evaluate their hypotheses correctly 
and will use incorrect generalizations. Additional teacher or student 
guidance is needed in an individualized system to guide those students 
with inadequate evaluative skills. Group 5 then becomes Group 1 or 
Group 2. 

Group 6 has the same problem as Group 5 in that students work 


individually on a problem without teacher guidance or student guidance. 


This combination is closed student interaction, open guidance in the 
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developmental phase, and open integration. For the same reasons as in 
Group 5, this is not a workable method, 

Group / has closed student interaction, closed guidance, and open 
integration. Here, students work individually with teacher guidance. 
The only difference between this group and Group 1 is the nature of the 
integration. Group 7 has practice problems which are open ended. The 
response conditions are rule finding, domain finding, operation and 
range finding, and damain, operation, and range finding. This 
combination was the experimental treatment used by Ong (1976) and 
resulted in improved problem solving ability of Grade IX students in 
Geometry. 

Group 8 involves open student interaction, closed guidance, and 
open integration. In this case, students are given a problem, work 
together to solve it with a great deal of teacher guidance through 
carefully selected examples and continuous help in keeping the direction 
desired by the teacher. Students are receiving guidance from each other 
and from the teacher. Also, in open integration, students are working 
on open-ended problems together. This is very similar to Ong's (1976) 
study, the difference being students working together instead of 


individually. 


Conclusion 

Three independent variables of discovery teaching were chosen for 
examination in this study: Student interaction, Guidance in the 
developmental phase, and Integration phase. Only the extremes of these 
variables are considered: Closed, which gives expository aspects of the 


variables, and Open, which gives discovery aspects. The eight . 
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combinations of the extremes of the three variables are discussed in 
uroups 1 to 8. Groups 1 to hl are possible treatment groups. Groups 5 
and 6 are unworkable, while Groups 7 and 8 are similar to studies 

done previously. The final selection of treatments groups is discussed 


in Chapter IV, Design of the Study. 


Conceptual Framework for Measuring Problem Solving 


In measuring problem solving ability, two aspects of problem 
solving must be kept in mind: 1) the Process, or set of behaviors or 
activities that direct the search for the solution, and 2) the Product, 
or actual solution. (Kantowski 1977) Frequently, a correspondence 
between processes and products is assumed: that the individual with 
the largest number of correct responses possesses the best or most 
desirable quality of mental processes. However, this emphasis on 
accuracy of solutions undoubtedly gives a misleading impression of 
students! problem solving ability. (Bloom 1950) In problem solving, 
an individually acquired set of processes is used in a situation that 
confronts the individual. (Le Blanc 1977) In addition, problem 
solving strategies are largely determined by the structure of the task 
environment. Thus, a theory of problem solving must include a descrip- 
tion of how different kinds of problems are solved. (Shulman and 
Elstein 1975) De Groot, Kleinmuntz, and Clarkson agree that knowledge 
of the process by which a problem is solved is at least as important 
as observing that it was solved. 

Since processes of problem solving are important to consider, as 
well as varied between individuals and between problems, a study 


investigating problem solving should include problem solving processes. 
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The practical difficulty in investigating problem solving processes is 
finding suitable instruments to measure problem scores and to determine 
the processes used. According to Kantowski (1977): 

Employing a scoring scheme that considers elegance 

and efficiency as well as correctness of result 

would be desirable...A study should be undertaken 

to find a valid and reliable method of scoring 

problems so that process as well as product are 

considered. (p. 17h) 
A method of analysis of process in problem solving is to infer the 
mental process from the observed product. By examining the students'! 
written solutions to a problem, it is inferred how he must have 
proceeded toward the solution. (Bloom 1950) The other technique used 
‘by many researchers is an interview with the subject while problem 
solving or immediately after. 

The view of problem solving significantly influences the selection 
of problems and the interpretations of problem solving processes. 
(Lester 1977) Problem solving can be measured in many ways: 1) whether 
a solution is attained or not, 2) the time required to find a solution, 
3) the quality of the solution, ) the approach to the solution, as 
some examples. All these measures are related, but not perfectly. 
(Newell and Simon 1972) In constructing an instrument and devising a 


scoring scheme which considers process as well as product, the differing 


approaches to the research theories on problem solving are examined, 


Approaches to Problem Solving Research 
Current research in problem solving stems from several different 
historical streams of thought, resulting in four approaches: 


1) Classical Gestalt psychology, 2) Psychometric, 3) Laboratory study 
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of learning, and ) Information-processing approach. Classical Gestalt 
psychology deals with the analysis of internal processes, the cognitive 
organization, and the covariation of traits. The psychometric 
approach looks at the understanding of the nature of intelligence, the 
additive components of general mental ability, and the end products of 
problem solving activity. The laboratory study of learning contends 
that the complex processes such as problem solving obey the same laws 
as elementary behavioral processes of stimulus-response behavior. The 
information-processing approach examines the programming of computers 
to solve complex problems as theoretical models of human cognitive 
processes. (Forehand 1966) 

The researcher, in examining the literature available on problem 
solving, decided on four scoring schemes to be used on the same set 
of problems to measure problem solving ability. Each scoring scheme 
has supporting literature focusing on different aspects of problem 
solving. The four scoring schemes are 1) Correct Answer, 2) Quality 
of Answer, 3) Polya's Four Phases of Problem Solving, and )) Quality of 


Response Approaches. 


Scoring Principles for Correct Answer 

Hayes (1966) lends support to the scoring of problems based only 
on the final answer. "Some problems are solved suddenly and in a 
single step. Others are solved in a sequence of well-defined steps." 
(p. 149) Wills (1967) decided that responses were to be judged correct 
only if they were equivalent to the keyed responses. Being close did 
not count. Knifong and Holtan (1976), in analyzing written solutions 


to word problems, also gave points only for the correct answer. This 
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scoring scheme only considers the product of problem solving. The 
principle for this scoring scheme is to reward points only for the 


correct answer, 


Scor: Principles for Quality of Answer 


Gagne (1966) lists six internal conditions for solving a problem: 
1) Recall of subordinate rules, 2) Search and selection of relevant 
rules, 3) Combining subordinate rules to formulate hypotheses, 

4) Provisional rule selected from the hypotheses and matched to a 
solution model to give a general form of the answer, 5) Verification 
of the provisional rule by applying to a specific example, and 

6) Solution rule. The individual differences which allow some students 
to have better answers in problem solving are the number of previously 
learned rules, recalling previously learned rules, distinguishing 
relevant and irrelevant cues, fluency in making new combinations or 
hypotheses, retaining a solution model, and matching a specific answer 
to the retained general solution model. 

Kennedy, Eliot, and Krulee (1970), after examining the oral 
responses of twenty eight Grade XI students, list the following five 
steps in the act of solving algebraic word problems: 1) Reads the 
problem statement and forms a rough hypothesis about the kind of prob- 
lem, i.e. assimilates the problem statement, 2) Looks for information 
requiring translation into mathematical symbols, 3) Ascertains what 
kind of relationships are needed to form an appropriate equation, 

4) Incorporates unstated logical or physical inferences needed to solve 
the problem, and 5) Solves the equation. 


Hollowell (1977) lists seven cognitive processes in mathematical 
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problem solving observed in thirty high school juniors who were asked 
to think aloud while attempting to solve three mathematical problems: 
1) Learn or understand the problem, 2) Recall information from memory , 
3) Formulate an hypothesis or general idea of how to solve the problem, 
4) Attempt to find a provisional solution or develop a method of solu- 
tion, 5) Check against solution model or general form of answer, 
6) Verify whether the provisional solution is correct, 7) Reject the 
hypotheses, method of solution, or provisional solution. 

S. Williams (1975) lists the following subtasks of problem solving: 
1) Problem identification, 2) Hypothesizing, 3) Data collection, 
4) Interpretation of data, 5) Analysis of data, and 6) Evaluation. 

Weir's (197) stages of problem solving are: 1) Statement of the 
problem, 2) Defining the problem by distinguishing essential features, 
3) Searching for and formulating an hypothesis, 1) Verifying the. 
solution. Weir, in listing the individual differences which affect the 
process of problem solving, is similar to Gagne: 1) Amount of infor- 
mation stored, 2) Ease of recall, 3) Concept distinction between 
relevant and irrelevant cues, ) Fluency in making new hypotheses, 
5) Retention of solution model, and 6) Matching instances to the 
general class in the verification stage. Buswell and Kersh (1956), 
in examining the thought processes of high school and university stu- 
dents as they attempted to solve six sets of problems, concluded that 
the failure to solve a problem is the inability to separate relevant 
from irrelevant facts or recognizing a need for further facts, and the 
inability to make a reasonable estimate. 

From these models of problem solving, the researcher formulated 


the principles for a scoring scheme based on the quality of answers. 
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The principles are: 
1. Students are awarded the maximum mmber of points if the 
correct answer is given, and only correct answers receive 
maximum points. 


2. Students are awarded partial points for work which could lead 


to a correct solution but was incomplete or contained an error. 


3. Students are awarded partial points for showing an under- 
standing of the problem. 

4. Students are awarded partial points for making correct state- 
ments about the problem but not discovering a method of 
obtaining the correct solution. 

5. Students are awarded no points for incorrect statements about 


the problem or not responding to the problen. 


Scoring Principles for Polya's Four Phases of Problem Solving 

Polya's four phases of problem solving are: 1) Understanding 
the problem, 2) Devising a plan, 3) Carrying out the plan, and 
lh) Looking back. (Polya 1957) Many other researchers have used 
similar analyses of the problem solving process. Klein and Weitzenfeld 
(1976) list three subsections of the problem solving process: 

1) Problem identification, 2) Generation of alternatives, 3) Evalua- 
tion of alternatives. 

Kantowski (1977) used the following scoring scheme to find a 
process-product score to determine the problem solving ability of eight 
Grade IX Algebra students. The students earned one point for each of 
the following: 1) Suggesting a plan of solution, 2) Persistence, 


3) Looking back, ) Absence of structural errors, 5) Absence of 
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executive errors, 6) Absence of superfluous deductions, and 7) Correct 
result. 

Troutman and Lichtenberg (197) list the common steps in models of 
problem solving: 1) Must be aware of problem, 2) Must translate the 
problem into terms that can be handled, 3) Must generate information 
and strategies necessary for solving the problem, 1) Must implement 
strategies necessary for solving the problem, and 5) Must evaluate 
solutions for the problem. The specific abilities related to solving 
problems are: 1) Finding characteristics of objects or mathematical 
ideas, 2) Translating a mathematical communication into different forms, 
as words to numbers, graphing, diagramming, sketching, original trans- 
lations, 3) Finding similarities and differences, ) Determining 
sufficient, necessary, and equivalent conditions and distinguishing 
between essential and nonessential properties, 5) Making generali+ 
zations based on the observation of specific evidence, as finding 
patterns, 6) Determining alternative strategies, and 7) Approximating. 

Along similar lines, Johnson and Rising (1971) list their objec- 
tives for problem solving: 1) The student identifies the question to 
be answered in the problem situation, 2) He selects relevant infor- 
mation needed to solve the problem, 3) He relates the problem to 
analogous situations which supply clues or solutions, lh) He draws a 
flow diagram of the relationships and processes involved, 5) He finds 
the answer to the question of the problem, 6) He generalizes the 
solution to other problems, 7) He applies his knowledge of mathe- 
matical concepts and processes to everyday situations, 8) He uses 
ideas about measurement in a construction project, 9) He uses a mathe- 


matical tool to solve a problem, 10) He identifies the role of 
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mathematics in a news statement, 11) He states a generalization about 
the pattern in a set of data. 

Thorndike (1950) also lists phases of problem solving, attributed 
to Dewey, which are similar to Polya: 1) Becoming aware of the problem, 
2) Clarifying the problem, 3) Proposing hypotheses for solution of the 
problem, i) Reasoning out the implications of the hypotheses, and 
5) Testing the hypotheses against experience. 

Bloom (1950), in analyzing problem solving processes of college 
students, found the following differences in methods of problem solving: 
1) Understanding of the nature of the problem, in ability to start the 
work on a problem, comprehension of directions, understanding the terms 
of the directions, and ability to solve the problem as presented, 

2) Understanding of the ideas contained in the problems, in applying 
relevant knowledge to the problem and realizing the implication of the 
problem, 3) General approach to the solution of the problem, in the 
extent, care, and system of thought and the ability to follow through 

on a process of reasoning, bei) Attitudes toward the solution of the 
problem, in reasoning and confidence in the ability to solve the problem. 

The information-processing researchers seem to use similar 
processes as Polya. Paige and Simon (1966) list the steps in a flow- 
chart for solving word problems: 1) Input and print the problem, 

2) Make mandatory substitutions, 3) Tag words by function, 4) Break 
into a sequence of simple sentences, 5) Transfrom simple sentences 
into a set of equations. In a later work, Newell and Simon (1972) 

list the overall organization of the problem solving process: 1) Input 
transformation or internal representation identifies problem solutions 


as obvious, obscure, or unattainable, 2) Selecting a problem solving 
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method, 3) Applying the selected method, 1) Termination of the method, 
either accepting the solution, attempting another method, selecting a 
different internal representation, or abandoning the attempt to solve 
the problem, and 5) Producing new problems or subgoals. 

The scoring scheme chosen on this aspect of problem solving, which 
emphasizes understanding of the problem, is one devised by Taylor-Pearce 
(1971) based on Polya's phases of problem solving. The scoring prin- 
ciples for this scoring technique are: 

1. The student receives points for indicating an understanding 

of the problem. 

2. The student receives pOtneS for showing a design to solve the 

problem. 

3. The student receives points for showing a procedure for 

solving the problem. 


lh. The student receives points for obtaining a solution. 


Scoring Principles for Quality of Response Approaches 

Researchers have examined the approaches students take in solving 
problems. Kilpatrick (1967) analyzed the solution of word problems in 
mathematics of fifty six Grade VIII, above-average ability, students. 
He identified eight process variables and reported the intercoder 
reliabilities as follows: 1) Deduction processes (.92), 2) Use of 
equations (1.00), 3) Trial and error processes (.96), ) Reading or 
rephrasing (.81), 5) Checking solutions (.72), 6) Structural errors 
(.91), 7) Difficulty in performance (.62), and 8) Stops without 
solution (1.00). From these, two major production processes, deduction 


and trial and error, are used to identify problem solving modes of 
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students. He combines setting up an equation and deduction, Four 
groups are identified: A) Begins trial and error and uses trial and 
error to solve the problem, B) Between A and C, C) Infrequent use of 
trial and error, with a tendency to begin by another process, 

E) Equation or deduction. The trial and error group (group A) was 
more successful in solving problems than groups B or C, but group E was 
the most pxedtcerut 

Vos (1976) found problem solving behaviors important in solving 
mathematical problems: 1) Drawing a diagram, 2) Approximating and 
verifying, 3) Constructing an algebraic equation, 1) Classifying 
data, 5) Constructing a chart, 6) Recalling a formula, 7) Searching 
for a pattern, 8) Constructing a physical model, 9) Asking a missing 
question, and 10) Trying to solve a related but simpler problem. 

Travers et al. (1977) lists twelve approaches to problem solving: 
1) Select appropriate notation, 2) Make a drawing, figure, or graph, 
3) Identify wanted, given, and needed information, ) Restate the 
problem, 5) Write an open sentence, 6) Draw from a cognitive back- 
ground, 7) Construct a table, 8) Guess and check, 9) Systematize, 
10) Make a simpler problem, 11) Construct a physical model, and 
12) Work backwards. 

Clement (1977) interviewed third and fourth grade students as they 
attempted to solve quantitative story problems. The approaches they 
used were: 1) Acted-out solutions, 2) Counting~based solutions, 

3) Solutions via a number sentence, 1) Immediate solutions, 5) Solu- 
tions via written symbolic algorithms, 6) Use of diagrams, 7) Spon- 
taneous activities related to inverse, commutative, associative, and 


distributive principles, 8) Solving a problem in pieces, 9) Using 
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more than one approach, 10) Generating related problems, and 
11) Convergent trial and error approaches. 

Higgins (1971) lists three patterns of problem solving: 

1) Guessing an answer, working out the consequences, comparing the 
result with the original conditions of the problem, and improving the 
original guess, 2) Finding a simpler related problem or part of the 
original problem by ignoring certain conditions, 3) Decomposing and 
recombining, focusing on details individually. 

Lefrancois (1972) lists four decision sequences on concept learning 
which also seem to apply to problem solving: 1) Simultaneous scanning, 
generating all possible hypotheses and using each successive selection 
to eliminate all untenable hypotheses, 2) Successive scanning, or 
trial and error, 3) Conservative focusing, accepting the first 
positive instance as the complete hypothesis, then check and refine 
choices, and h) Focus gambling, varying more than one value at a time. 

Boychuk (197) developed a scoring scheme based of efficiency of 
the problem response. After listing the possible solutions and 
approaches, they were ranked according to which method resulted in 
the solution in the easiest and quickest way. The most straightforward 
approaches received a score of two, other correct approaches received 
a score of one, and incorrect approaches were scored zero. 

In considering a scoring scheme focusing on the approaches to 
problem solving, selected elements from these studies were considered 
in the scoring principles of the quality of response approaches: 

1. Response approaches are ranked according to the feasibility 


to lead to a correct solution and mathematical competence. 
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2. Approaches do not have to be carried out to a complete 
solution to be given top ranking. 

3. No response gets bottam ranking. 

4. Next ranking is a guess without verification. 

5. Restating the problem gets next ranking, including a drawing. 

6. Guess and verify gets middle ranking. 

7s Substituting the information into a known formula gets next 
ranking. | 

8. Using a table or pattern has next to the top ranking. 

9. Deductive reasoning and making an equation gets top ranking. 
Different equations, depending on completeness and accuracy, 


get different rankings. 


Conclusion 

The principles for each of the four scoring schemes have been 
developed from the literature of problem solving. In Chapter V, 
Treatments and Instrumentation, the principles are developed into 
the four scoring schemes of Correct Answer, Quality of Answer, Polya's 


Four Phases of Problem Solving, and Quality of Response Approaches. 
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4 Chapter IV 


DESIGN OF THE STUDY 


Introduction 


The developmental phase of the study involves the development of 
treatments for a unit in Mathematics 10, Rational Expressions. In 
addition, an achievement test for the unit and a problem solving test 
related to the unit were developed by the researcher for use in the 
experimental phase of the project. The treatments are described in 
detail in the Appendix, and the instruments are discussed in Chapter V. 

The experimental phase involves the application of the treatments 
and administration of the tests. The purpose of this chapter is to 
specify the selection of treatments, the hypotheses, the population and 


sample, the method of data collection, and the analysis of the data. 


Seléetion of Treatments for Study 


Ideally, all eight combinations of the three independent variables 
resulting in the eight groups described in the Conceptual Framework 
would be tested. However, for time factors and managability purposes, 
only three groups will be studied. Groups 5 and 6 do not seem managable 
as explained, and Group 7 has been tested by Ong. Group 8 is a variety 
of Ong's using open student interaction, and would be an interesting 
group to study if not for managability considerations. The first four 
groups make a progression of adding one discovery variable to each treat- 


ment, starting with no discovery variables and ending with all discovery 
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variables. However, since only three groups could be chosen for the 
study, one of the first four groups had to be omitted. For greatest 
contrast, Group 1, with no discovery variables, and Group l;, with all 
discovery variables, were chosen as part of the study. Of the remaining 
two groups, Group 3 has two discovery variables, open interaction and 
open guidance, while Group 2 has one discovery variable, open inter- 
action. Since the researcher is interested in discovery teaching, the 
group with the most aspects of discovery teaching, Group 3, was chosen. 
Hereafter in the study, Group 1 will be referred to as E (Expository), 


Group 3 as Dl (Discovery I), and Group | as D2 (Discovery II). 


Hypotheses 
Question 1. Are students able to distinguish between expository 
and discovery treatments developed on the same unit topic of a mathe- 
matics course? 
1A. There is a significant difference between the treatments of 
Group E and Group Dl. 

1B. There is a significant difference between the treatments of 
Group E and Group D2. 

1c. There is a significant difference between the treatments of 
Group Dl and Group D2. 

Question 2. Are there differences in achievement between students 
taught by a treatment involving no aspects of discovery teaching (E) 
and treatments involving aspects of discovery teaching (Dl and D2)? 

2A. There is no significant difference in the achievement scores 


of students in Group E and Group Dl. 
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2B. There is no significant difference in the achievement scores 

of students in Group E and Group D2. 

2C. There is no significant difference in the achievement scores 

of students in Group Dl and Group D2, 

Question 3, Are there differences between students taught by an 
expository treatment (E) and discovery treatments (Dl and D2) in problem 
solving ability as measured by four different criterion variables? 

3A. There is a significant difference in the problem solving 

ability of students in Group E and Group Dl. 

3B. There is a significant difference in the problem solving 

ability of students in Group E and Group D2. 

3C. There is a significant difference in the problem solving 

ability of students in Group Dl and Group D2. 

The three hypotheses above were tested separately for each of the 
four eriterion variables: 1) Correct Answer, 2) Quality of Answer, 
3) Polya's Four Phases of Problem Solving, and ) Quality of Response 


Approaches. 


Population and Sample 


The subjects used in this research study were Grade X, Mathematics 
10, students who are attending Edmonton Public Schools. Three classes 
from the same high school were involved in the experiment. Twelve 
volunteers from each class were selected by the classroom teachers. The 
teachers were asked to divide the class into high, medium, and low 
achievement groups and select four volunteers fram each achievement 
group. On the basis of their most recent mathematics grade, a compu- 


tation for the analysis of variance resulted in an F-ratio of 1.7. 
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Since the value of F required for significance at the .05 level is 3.32, 
the conclusion is no significant difference between the groups on the 


basis of mathematics achievement. 


Sample Attrition 


The thirty six students remained in the treatments eleven days. 
In Group E, one student was absent four days, another two days, and 
four students one day each. One day had three students absent, another 
day had two students absent, and three days had one student absent. 
These absences were not significant in the effect of the treatment. 

In Group Dl, one student was absent four days, three students were 
absent two days, and two students were absent one day each. One day 
had three students absent, two days had two students absent, and five 
days had one student absent. These absences were not significant in 
the effect of the treatment. 

In Group D2, one student was absent three days, one student was 
absent two days, and three students were absent one day each. One day 
had three absences, one day had two absences, and three days had one 
absence. These absences were not significant in the effect of the 
treatment. 

Since all students remained in the treatments the eleven days, 
with absences as reported not significant, the sample size for 
Hypothesis 1 was thirty six. 

Two students were absent when the achievement test was given. One 
student was from the lower achievement students of Group E and the other 
student was from the lower achievement students of Group Dl. The Sample 


size for Hypotheses 2 and 3 was thirty four. 
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Administration of Treatments 


The researcher worked with all three groups of twelve students. 
Recognizing researcher bias, this procedure seemed the most managable, 
in that a teacher or teachers would not need to be trained in the 
three treatments. A smaller group of twelve rather than the entire 
Class was felt to reduce discipline as a factor of the research treat- 
ments. A cross-section of twelve students fram one class still gives 
the variety of ideas and roles needed in a discovery lesson. 

The unit lasted thirteen days, the same number of days that the 
regular teachers spent on the unit. Since two days were needed for 
testing, the instruction time was eleven days, eighty minutes per day. 
All three treatments began on the same day. The same topics were 
covered in the three treatments, with the order differing between 


Group E and Groups Dl and D2, as explained in detail in Chapter V. 


Choice of Treatment Topic 

The unit on rational expressions was chosen as the topic for the 
treatments. It ie one of the required units of study in the Mathe- 
matics 10 curriculum. Since the researcher took twelve students from 
each of the cooperating classes, it was felt that the same topic as the 
rest of the class should be used. Also, the researcher wanted to test 
the claim that any unit of mathematics study is appropriate for a 
discovery approach. The researcher is also interested in the adaptation 
of one unit of study to three treatments, especially with a topic which 


is part of the regular curriculun. 
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Collection of the Data 


The instrument used to collect data for Hypothesis 1 is the 
Student Inventory of Teacher Behavior, developed by Naciut (1968). 

The researcher and one of the regular classroom teachers developed 
the achievement test, Achievement in Rational Expressions, to test 
Hypothesis 2. The researcher developed the problem solving test, 
Problem Solving in Rational Expressions, based on the content of the 
unit, to test Hypothesis 3. Four scoring schemes, Correct Answer, 
Quality of Answer, Polya's Four Phases of Problem Solving, and Quality 
of Response Approaches, were used to collect data on problem solving 
ability. The test items, in combination with each scoring scheme, 
yields four test of problem solving ability. In addition, attitude 
interviews on the treatments were conducted by the researcher with the 
students in Groups Dl and D2. 

Following the eleven days of treatment, the Student Inventory of 
Teacher Behavior was administered on the twelfth day of the experiment. 
The students were given ten teat to complete the inventory. The 
Problem Solving in Rational Expressions Test was administered in the 
remaining seventy minutes of the class period. The students were given 
the entire eighty minutes of the thirteenth day for the Achievement in 
Rational Expressions Test. The attitude interviews were done on a one- 
to-one basis with the researcher following the last day of testing. 
Students were taken from the regular classroom for approximately three 


minutes to complete the interview. 
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Analysis of the Data 


Hypothesis 1. The Student Inventory of Teacher Behavior was used 
to determine whether there is a significant difference between the 
three treatments. This is especially important since all three treat- 
ments were done by the same teacher, To determine the difference, the 
Significance of the Difference Between Two Means was found, 

Hypothesis 2. The computation for the Analysis of Variance, One- 
way Classification, was used to determine the difference between the 
three groups on the Achievement in Rational Expressions Test. 

Hypothesis 3. The Problem Solving in Rational Expressions Test 
was analyzed with the Analysis of Variance, One-way Classification. 
Each scoring scheme ee analyzed separately. The calculation of the 
correlation coefficient from ungrouped data using deviation scores 
was used between each two scoring schemes of the Problem Solving in 


Rational Expressions Test, 


Delimitations 

The study was delimited in the choice of treatments. Only three 
of the eight independent variables of discovery teaching were examined. 
Also, only the extremes of the variables appear in the treatments. 
Three of the eight possible combinations of independent variables were 
treated. 

The study was delimited in the choice of subjects. The subjects 
were Mathematics 10 students, generally the brighter students in Grade X, 
One school in the Edmonton Public Schools was used. Instead of the 


entire class of approximately thirty students, a cross-section of twelve 
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students were used as the treatment group for each class. 

The study was delimited in length of treatment time. One unit 
of study, Rational Expressions, lasting eleven days of instruction 
time and thirteen days total, comprised the treatment. 

The study was delimited in the examination of problem solving 
ability. Inferences were made about the students! processes of 
problem solving from their written solutions, rather than an interview 
during or after the act of problem solving. Problems were chosen to 
reflect the subject matter covered in the unit rather than problem 
solving in other areas. Four scoring schemes for problem solving were 


developed. 
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Chapter V 


TREATMENTS AND INSTRUMENTATION 


Treatments 

The researcher taught three groups of twelve students each for 
eleven class periods of eighty minutes in length. The number of class 
periods spent on the unit was determined by the regular classroom 
teachers. 

The title of the unit is Rational Expressions. The topics covered 
within the unit are definition of a rational expression, permissible 
values, simplifying rational expressions, multiplication, division, 
addition, and subtraction of rational expressions, division of poly- 
nomials, dividing by a monomial, dividing by a polynomial, rational 
expressions in open sentences, word problems, and complex rational 
expressions. Group E covered the topics in the order given. 

Group Dl covered the following topics in the order given: 
rational equalities, rational equalities with quadratics, rational 
inequalities, word problems, complex expressions, and dividing by a 
polynomial. Each topic was followed by practice exercises of the same 
kind as in the activity. 

Group D2 covered the following topics in the order given: 
rational equalities, rational inequalities, word problems, complex 
expressions, and dividing by a polynomial. Rational equalities was 
followed by problems involving quadratics, as was the topic rational 
inequalities. The problems for each topic led to new discoveries, 


rather than being the same type as in the activity. 
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Group E is based on Group 1 of the conceptual framework. The 
teacher introduced the lesson, then lead the class through various 
examples of the object of the lesson. The students were then assigned 
practice examples from their textbook to solve for the remainder of 
the eighty minute period. The lesson was concluded each day. 

Group Dl is based on Group 3 of the conceptual framework. The 
students were given a list of problems to solve. The teacher provided 
no guidance while the students attempted to solve the problems. The 
students worked in pairs to solve the problems, then shared their 
solution method with the rest of the group. The teacher acted as 
recorder only as the students stated their hypotheses. At the conclu- 
sion of the recording of all generated hypotheses, an evaluation by the 
students of the hypotheses occured, with the teacher providing guidance 
at this stage. A consolidation period followed, with exercises given 
which are like the problems the students solved to make their <0): 
hypotheses. The activities lasted as many days as needed by the 
students. 

The complete lessons appear in the Appendix. An example, from 
Activity 1, begins with a list of nineteen problems. Two of these 
were; 2. 3/xt+5/x=h and 1h. b/x+ 2/( x43) = 1/(x43x). One of the 
hypotheses which followed was: To solve equations involving rational 
expressions, a) Cross-multiply, b) Guess, c) Multiply by a common 
denominator, d) Combine fractions on one side, then cross-multiply. 
Two examples of the practice exercises were: . (a-1)/3+(at2)/6=2 
and 8. 1/la°+5/6a =2/3a°. 

Group D2 is based on Group of the conceptual framework. The 


student activites are as given in Group Dl. The difference is in the 
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integration phase. Group D2 is given problems which lead to new 
hypotheses. For example, the same two problems from the list of nine- 
teen from Activity 1 lead Group D2 to a similar hypothesis as Group Dl: 
To solve equations involving rational expressions, a) multiply by the 
common denominator, b) cross-multiply, c) combine terms, then cross- 
multiply. Integration problems were like 1. 2/(n-3)+2/n=1, which 
contained a squared term when simplified. The students then 
hypothesized about these problems: 1. To solve equations with a 
square term, get all members on one side and set the side equal to zero. 
2. There are two answers when there is a square term. 3. Check: both 
answers, as one may give a zero denominator. The students from Group D2 
never practiced exercises like the problems they used to make the 
hypotheses. 

Unlike the Group E lessons, which were introduced and campleted 
within the same eighty-minute period, the activities of Groups Dl and 
D2 usually took more than one period. The beginning and conclusion of 
activities was determined by the progress of the students, not by the 
time constraint of the eighty-minute period. 

The order of presentation of topics is different for Group E and 
Groups Dl and D2. Groups Dl and D2 began with a need for simplifying, 
adding, subtracting, multiplying, and dividing rational expressions 
through solving equations involving rational expressions. Group E 
started with the basic ideas about rational expressions which became 
more complex, but a need for the skills of manipulating rational 
expressions was not apparent until the seventh lesson. roups D1 and 
D2 learned the subordinate skills of manipulating rational expressions 


by using them to solve equations. The remaining lessons and activities 
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followed the same order. 


Instrumentation: Design, Validity, Reliability 


1. Student Inventory of Teacher Behavior (SITB) 


Design. The SITB, whcih appears in the Appendix, was taken from 
a study by Naciuk (1968). He developed the instrument "to assess the 
extent to which the teachers were able to follow the expository or 
mathematizing models in their teaching." (p. 50) The SITB scores 
represent general impressions of classroom activities and behavior. 
All students rated the teacher on thirty items using a five-point 
scale of Almost Always, Often, Sometimes, Seldom, and Almost Never. 
The items were worded for the expository and mathematizing methods, 
so the five-point scale read from left to right for the expository 
wording and right to left for the mathematizing wording. In this way, 
the choices to the extreme left indicated the ideal expository method 
and those to the extreme right indicated the ideal mathematizing 
method. The weighting factors for each item were then always in the 
OtdereUs ly, 25 35 Ue 

Scoring. The students' responses were counted for each item, and 
the percentages of the students answering the items each way were calcu- 
lated. The percentages were then multiplied by the weighting factors. 
The weighted percentages were added and the sum was divided by four. 
This quotient is called the class consensus rating for the item, with 
an ideal expository score of zero and an ideal mathematizing score of 


one hundred. To illustrate, item one from Group E is shown in Table 3. 
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TABLE 3. ILLUSTRATION OF THE SCORING OF THE STUDENT INVENTORY OF 
TEACHER BEHAVIOR 


na 
1. When an answer is wrong, our teacher _. vells us immediately. 
A. Almost Always B. Often C. Sometimes D. Seldom FE. Almost Never 


Twelve students responded to the item in Group E. 


Almost Often Sometimes Seldom Almost 

Always Never 
Frequency hy 6 2 @) 0 
Percent 33.33 50 16.67 0 o) 
Weight. @) dt 2 3 h 
Product 0 50 33.33 0 0 
Sum 83.33 
Class Consensus Rating 83.33~ ) = 20.83 


There are six categories for the items: Teacher Omniscience 
(Items 1-5), Introduction of Generalization (Items 6-10), Control of 
Pupil Interaction (Items 11-15), Method of Answering Questions 
(Items 16-20), Uses of Student Responses (Items 21-25), and Method of 
Eliminating Falso Concepts (Items 26-30). The rating of the teacher's 
behavior for each category was obtained by finding the mean of the 
class consensus ratings of each of the five items in the category. 

Interpretation of Categories. Naciuk (1968) describes each of the 
categories of items for the expository model, en is similar to 
Group E in this study, and the mathematizing model, which is similar to 


Groups Dl and D2. 
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1. Teacher Omiscience: In the expository model, the teacher is 
the authority on the mathematics under discussion. The teacher demon- 
strates appropriate procedures for solving problems, directly helps 
students solve problems, and corrects student mistakes immediately. 

The mathematizing teacher presents problems but allows the students to 
find methods of solution. Students determine the correctness fran 
their knowledge of mathematics, rather than the teacher pointing out 
errors. 

2e Introduction of Generalization: The expository teacher pre- 
sents a rule for solving problems, presents examples, and states a 
generalization of the rule. In the mathematizing model, students 
generate hypotheses after attempts at problem solutions. The generali- 
zations. are formulated from the hypotheses after class discussion and 
evaluation of hypotheses presented. 

3. Control of Pupil Interaction: The expository class focuses on 
the correct method of solving a problem. The method is broken into 
certain steps based on the rules of the problem. The teacher directs 
students to this precise solution of the problem. The mathematizing 
class pursues a variety of methods of solution to a problem. After 
exploration of the problem, which involves no control of pupil 
interaction, the teacher guides the students to generalizations. 

lh. Method of Answering Questions: The expository teacher answers 
questions directly, either by restatement of the rule or generalization 
which applies to the problem or solving the problem for the student. 

In the mathematizing model, the teacher is an advisor, only rewording 
or regrouping examples when students have questions. 


5. Use of Student Responses: In the expository model, the teacher 
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uses student responses as feedback on understanding of the lesson, 
However, in a mathematizing lesson, the student responses are the main 
part of the lesson. The teacher does not evaluate the responses, 
rather the class evaluates responses. 

6. Method of Eliminating False Concepts: The expository teacher 
warns students of cammon errors. Incorrect responses are immediately 
corrected. Students are given practice examples that do not over- 
generalize a concept. In the mathematizing model, the students are 
given problems deliberately to overgeneralize the rule. Also, students 
try a variety of methods to solve problems. The elimination of false 
concepts comes from the students and their knowledge of the mathematics 
in the evaluation stage at the end of the lesson. 

Relationship of SITB to Treatments of Groups E, Dl, D2. The six 
categories of Naciuk's SITB correspond to the three aspects of teaching 
in this study. Categories 1, 2, 4, and 5 correspond with the guidance 
in the developmental phase, Category 3 corresponds with the student 
interaction, and Category 6 corresponds with the integration phase. 

The Group E treatment corresponds to the expository model descriptions 
in each of the six categories of the SITB. Group Dl treatment corres- 
ponds to the mathematizing model in Categories 1 to 5 and the expository 
model in Category 6. In particular, Item 27 of the STIB should have an 
expository rating for Group Dl: In our assignments we are given 
problems which cannot be solved using rules discussed in class. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always. 
The other items of Category 6 should have a mathematizing rating. 

Group D2 treatment corresponds to tne mathematizing model in all six 


categories. Therefore, in the ideal, Group E would have a class 
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consensus rating of O for all items, while Group Dl would have a class 
consensus rating of 100 for all items except 27, which would have a 
rating of 0, and Group D2 would have a class consensus rating of 100 
for all items. 

Validity. The researcher has extablished the relationship between 
the SITB and the treatments of the research project. The validity of 
the instrument was established by Naciuk (1968) in four ways: 1) face 
validity, since the definitions of each category describes the things 
teachers do in the mathematics classroom, 2) inclusiveness of 
categories to cover the total activities of the lesson, 3) content 
validity from seven qualified judges experienced in expository and 
mathematizing teaching methods, and l) pilot study results showing 
discrimination between expository and mathematizing teachers on all 
items. 

Reliability. Naciuk (1968) established reliability through the 
test-retest method in the pilot study. The results yielded a 
Spearman r_ of -75 for the mathematizing class and an r. of 94 for 
the expository class, which is significant at the .05 level. While 
the r_ of .75 was not significant at .05, Naciuk argued that it was 
sufficiently high to indicate a degree of reliability in light of 


variation in teaching method and a three week difference in testing 


dates. 


2. Achievement in Rational Expressions Test (ARET) 
Design. The ARET of forty items (See Appendix) was designed by 
the researcher and the regular teacher of Groups Dl and D2. The items 


were of the type of exercises found in the textbook on the unit studied, 
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"Chapter 4. The Algebra of Rational Expressions." (Nichols, 1970) 
The number of items from each section of the unit was determined by a 
consensus of the regular teacher and the researcher, an attempt being 
made to keep the number of questions from each section equal. Each 
question assigned to the students in class work had a representative 
question on the ARET. 

Validity. Since the test items were selected as representative of 
the questions in the textbook, the ARET has content validity. Table 


shows the percentage of the test which covers each lesson or activity. 


TABLE 4. PERCENTAGES OF THE TEST COVERING EACH LESSON OR ACTIVITY 


Group E 


Lesson vl 2 3 hy 5 6 7 8 9 10 


Percentage 6 13 9 11 11 6 16 9 8 vist 


Group Dl 
Activity 1 2 5 hy 5 eS 
Percentage 38 39 ? 8 3 3 


a eae een 


Group D2 
Activity at 2 3 rn 3 
Percentage 77 9 8 3 3 


In Group E, the items are closely representative, in type and proportion, 
of the content presented in the unit. In Groups Dl and D2, the first 


activities lasted most of the experimental time, so the items are 
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representative, in type and proportion, of the content presented in the 
course. 

Reliability. The split-half method of estimating reliability was 
used. The test items were divided into two halves by odd and even 
numbers of the items. The two resulting scores were correlated at .90). 
The Spearman-Brown extimate of reliability of the whole test was .9)7. 


From these results, the AREI was judged to be internally consistant. 


3. Problem Solving in Rational Expressions Test (PSRET) 


Design. To test the effect of the aspects of discovery teaching 
on problem solving ability, a paper and pencil test of eight items 
was constructed by the researcher. The items were selected as 
pertaining to the unit of study, Rational Expressions. All of the 
items involve techniques of solution which were not covered in the unit, 
thereby making them problems, not merely exercises to which a rule is 
memorized and applied. The problems have one answer, thereby involving 
convergent thinking. The students were given instructions to write 
everything about the problems they could think of, then to reanpt the 
solution as far as possible. The test items appear in the Appendix. 

Correct Answers Scoring Scheme. The first method of scoring the 
PSRET considered only the solution. Students who gave the correct 
answer received one point, and those who gave an incomplete answer or 
an incorrect answer received no points. This scoring scheme emphasizes 
the purpose of problem solving, to find a correct solution. 

Quality of Answers Scoring Scheme. In scoring the PSRET according 
to the quality of answers, each item was assigned a maximum number of 


points. Items 1, 4, 7, and 8 were assigned ten points each, and items 
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items 2, 3, 5, and 6 were assigned fifteen points each. Students were 
awarded the maximum points if the correct answer was given, and only 
correct answers were given the maximum points. Students were awarded 
partial points for work which could lead to a correct solution but was 
incomplete or contained an error. Students also earned partial points 
by making correct statements about the problem but not discovering a 
mehtod of obtaining the correct solution. Students were awarded no 
points for incorrect statements about the problem or no response. The 
emphasis is on obtaining the correct solution and steps taken to find 


the solution. The scoring scheme appears in Table 5. 


TABLE 5. QUALITY OF ANSWERS SCORING SCHEME 


Points Reason for Points Being Awarded 
Awarded 
10 Any correct answer 
2 Would-be correct answer, but a mistake in computation 
8 Correct equation or pattern, but no or wrong answer 
7 One correct answer or partial answer which can be found 


somewhere in the students work 
6 Correct explanation of the problem 

Starting correctly, but making an incorrect assumption 
Tn Attempting a solution using more than two correct steps. 


Guess which comes close to the answer which indicates 
understanding of the problem. 


2 Any equation or pattern with a correct statement 
2 Any correct statement about the problen 
al Any response 


6) No response 
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Items 2, 3, 5, and 6 were awarded fifteen points for correct answers 
and partial points corresponding to the categories given in the table. 
Polya's Four Phases of Problem Solving Scoring Scheme. 
Taylor-Pearce (1971) devised a marking scheme, see Table 6, for problem 
solving based on Polya's four phases of problem solving: 1) Under- 
standing the problem, 2) Devising a plan, 3) Carrying out the plan, 
and ) Looking back. From these broad areas, he made ten yes or no 
questions for the scorer to ask about each item of the test. Equal 
weights were given to each yes, worth one point, and each no, worth 
zero points. The students score for each item was the sum of the ten 


component scores. 


TABLE 6. POLYA'S FOUR PHASES OF PROBLEM SOLVING SCORING SCHEME 


Understanding the Problem 


1. Did the student indicate expressly or implicitly that he had 
at least a partial understanding of the problem? yes/no 


2. Did the student indicate expressly or implicitly that he had 
a complete understanding of the problem? yes/no 


3. Did the student give evidence expressly or implicitly that he 
had a design to solve the problem? yes/no 


lh. Was the design such as would possibly lead to a complete 
solution? yes/no 


Procedure 


5. Did the student show some mathematical competence in the 
pursuit of his design? yes/no 


6. Did he discover significant relationships which could 
effectively lead to a solution of the problem? yes/no 


7. 
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{. Did he effectively use these relationships to obtain a 
solution? yes/no 


Solution 
8, Did the student obtain a partial solution? yes/no 
9. Did he indicate that a canplete solution exists? yes/no 


10. Did he obtain a mathematically complete solution? yes/no 


epee 


Quality of Response Approaches Scoring Scheme. In order to score 


the problem solving test using this method, all of the response 
approaches for each item were recorded without student name or treat- 
ment group. The different approaches were tallied. One item had five 
different response approaches, while another item had over twenty. The 
approaches were then ranked according to feasibility to lead to a 
correct solution and mathematical competence. To determine the ranking 
of the approaches, the guidelines in Table 7 were used. The student 
did not need to complete the approach to a correct solution to gain top 
ranking. The top ranking received a score of one hundred percent and 
the bottom ranking received a score of zero percent. The rankings 
between were percentages of the ratio of the ranking to the highest 
ranking. For instance, Item 1 had eleven approaches, with the rankings 
ranging from zero to ten. A student with a ranking of three then 
received a score of 3/10, or 30 percent. This method of scoring the 
PSRET emphasized the approach students took to finding the solution to 
the problem, or the process to the problem. 

The categories given in Table 7 are general categories for 


approaches. There may be different approaches within the same category, 
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especially Category 7. Each distinct equation was considered a 
different approach. The ranking within the category depended on 
completeness and accuracy of the equation. The categories of responses 


for each problem appear in the Appendix. 


TABLE 7. QUALITY OF RESPONSE APPROACHES SCORING SCHEME 


Category Description of Category 
1 No response 
2 Guess without verification 
5 Restating the problem (includes drawings) 
h Guess and verify (trial and error) 
5 Substitute information into known formula 
6 Use of a table or pattern 


if Deductive reasoning or use of an equation 


Validity. Since the definition of problem involves presenting a 
challenge that cannot be resolved by some routine procedure known to 
the student, the test items were chosen such that they did not apply 
directly to an algorithm taught in the unit. The researcher found 
solutions to the test items to ensure that they were problems according 
to the definition. Items 1 and 2 involve the separation of a rational 
expression, which uses different algebraic steps from adding or sub- 
tracting an algebraic expression, for which algorithms were taught. 
Items 3 and 4 involve rates. Although the students worked with ques- 


tions which could be solved using the distance formula (d=rt), the 
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items of the PSRET involve more than one application of the distance 
formula. Items 5 and 6 are work problems with multiple applications 
of the algorithm for work problems needed to solve them. The recog- 
nition of place value applications and the ability to translate word 
sentences into mathematical sentences are two useful techniques for 
solving Item 7. Item 8 involves the recognition of number patterns. 
Upon examination of the activities required to answer the items, the 
items can be classified as problems. The PSRET therefore has face 
validity in that the students are asked to solve items that are prob- 
lems by definition. 

The PSRET is not intended to be an achievement test, in which the 
students are tested for direct application of algorithms taught or 
discovered in the treatments. A high correlation between achievement 
scores and problem solving scores would indicate less construct 
validity since the PSRET is intended to differ from the ARET. 
(Campbell 1959) However, high achievers would be expected to perform 
better on a problem solving test than low achievers, (Thorndike 1922, 
Kinsella 1970, Balow 196), Martin 1963) Therefore, there should be a 
positive correlation between ARET scores and PSRET scores. In using 
the construct validation procedure of group differences, Cronbach (1955) 
States: 

Only coarse correspondence between test and group 
designation is expected. Too great a correspondence 
between the two would indicate that the test is to 
some degree invalid, because members of the groups 
are expected to overlap on the test. (p. 287) 
Hence, the correlations of .618, .639, .738, and .475 between the ARET 
and the four scores of the PSRET support the construct validity of the 


PSRET. - 
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Having established that the items are problems and that the items 
are different from the achievement items, the next step is to examine 
the processes used by the students in solving the problems. This will 
involve examination of the scoring schemes. Helmstader (1970) included 
an analysis of scoring procedures as a method of establishing construct 
validity. Cronbach and Meehl (1955) also refer to studies of process 
and scoring procedures as a method of establishing construct validity. 

The first scoring scheme, Correct Answer, awards points only for 
correct answers. Since the items have been established as problems, 
those who arrive at the solution are successful problem solvers, while 
the other students are not. Since successful problem solvers are 
awarded, construct validity is supported. 

Gagne (1966) lists the internal processes necessary to problem 
solving as: 1) Recall of previously learned rules and concepts, 

2) Search and selection of the recalled rules which are relevant to 
the problem, 3) Combining the previously learned rules and concepts, 
l) Arriving at a provisional rule believed to solve the problem, 

5) Verification of the rule by carrying out the operations suggested, 
and 6) Arriving at the solution. The Quality of Answers method of 
scoring applies to Gagne's problem solving steps. Awarding 1 and 2 
points for any response or any correct statement about the problem 
indicates recall of previously learned rules and concepts. Three 
points are awarded for a correct statement in an equation or pattern, 
which indicates a selection of a relevant rule. Awarding h, 5, or 6 
points for attempting solutions or guessing which indicates under- 
standing, or correctly explaining the problem indicates combining the 


previously learned rules. Seven and eight points for a correct partial 


Boke te a 
aa 


onto Aone 
Fite ett... ae 
battl oath (OTe.t) tatndemtolt) wena: 
gorutunoa yakin cidade "i Bik 
pena Te amtuanhe-of: niet ene 420). an is 
ULb Liev Jipttuaoe srubvte Lidetos Lo \beathtogs 8, 1 2 | oA i 
ses sedi niu inant cals pote 
seein ne ne ae p 
Ltdw (esetlor om ido Soiaeeoand wes an tw toa salaries: : 
ie Wepvlos welder Liftaasbase: woke hot ores witha mate a 
| oodroqare eb Gtibbiay damgiiseats per 
mine dd Ciao eaanenneny, Lomedsel. etd admhe CO701) gute > 
veigeaibe Tend anton Saal | to Lieto (fy) ema alee 
od Ganvetey ere do bt eelars oon tt aid So wandeeton bate — | 
apie bor wet been’ ofixokved ody welded ita 
plied ovtow et Saralhod wlan Inc baba ws Be 
Senay aor wild ith aR bN Yd Oia, a | 0 , 
%o bodies ertenrtrde ‘> etl doth ae et 
S bum f gittiemeek anon mala eee 
molded, and tenis: 
oothT , aqeonos os & 
paulo ol —— 
> Xigh gebboed ene 


A t wt mee a Sind: sec 9% 


rT 


_ 
, i. © 7 t ee 


answer and a correct equation show arriving at a rule believed to solve 
the problem. Nine points awarded for a would-be correct answer with a 
mistake in computation indicates verification of the rule by carrying 
out the operations. Finally, ten points for the correct answer indi- 
cates that the student has carried out all of the previous processes 
correctly. This matching of scoring scheme to problem solving steps 

of Gagne supports construct validity for the Quality of Answers method 
of scoring problem solving. 


Polya's Four Phases of Problem Solving method of scoring have 


already been shown to correspond with Polya's problem solving processes, 


which are somewhat different from Gagne's problem solving processes. 
Therefore, construct validity is supported by this scoring procedure. 

Skinner, in his operant analysis of problem solving, is inter- 
preted to be interpreted by be referring to response approaches to 
problem solving rather than the activities within the solution. 
(Skinner 1966) By evaluating the response approaches in the students! 
solutions to the problems, the researcher was again supporting the 
construct validity of the problem solving test. 

The above discussion provides evidence for supporting validity 
for the PSRET items and scoring techniques. 

Reliability. Kantowski (1977) recommends intercoder reliability 
in a test of problem solving ability in which processes in problem 
solving are investigated as well as product. In addition, the 
researcher used the split-half method of estimating the reliability for 
each scoring scheme. 

The Correct Answer scoring scheme only considers the product of 


the students! effort in problem solving. To use interrater reliability 
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with this scoring scheme seemed trivial to the researcher; therefore, 
interrater reliability was not used. The results of the Spearman- 
Brown estimate of reliability for split-half testing, using odd and 
even numbered problems for the two halves, was .637. Since the prob- 
lems were conceptually different and there were only eight problems, 
the split-half estimate does indicate some reliability. 

The process of estimating test reliability by correlating two 
sets of scores was used on the Quality of Anwers scoring scheme. Three 
graduate students and two professors in Mathematics Education scored a 
random sample of ten tests, four items from the eight-item test. First, 
each of three raters scored a different sample using the ten-point 
scoring scheme divised by the researcher. The scores were correlated 
by item with the researcher's scores, As shown in Table 8, Items l, 
3, 4, and 6 had low reliability estimates. The researcher interviewed 
the raters to determine difficulties with the criteria of the scoring 
scheme, then made appropriate revisions in the wording to agree with 
the researcher's conception of the scoring scheme. The revised wording 
of the ten-point scoring scheme was then used by Raters and 5 on the 
same samples as Raters 1 and 2. Item 6 still had a low reliability 
estimate of .345, less than the critical value of .632 for significance 
at .05. This can be explained somewhat by the low scores given due to 
the difficulty of the problem. Also, the raters were not trained by 
the researcher, only given the scoring scheme and asked to use it. The 
researcher chose to accept the reliability estimates as reported. 


A split-half reliability on odd-even items was also used for the 


Quality of Answers scoring scheme. The Spearman-Brown estimate was «780 


and accepted by the researcher. 
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TABLE 8, INTERRATER RELIABILITY FOR QUALITY OF ANSWERS 


ae Ee aS Sate WILD SVN Cee MT Co Wnts ee 
Item Rater 1 Rater 2 Rater 3 Rater (1) Rater 5 (2) 


a 099K, 057 0991 
2 » 76h, «6,0 «805 
2) 57 © 962 2629 
4 079 0925 - 576 
5 793 890 
6 asia @ 315 
7 0997 2973 
8 «78h, 917 


For an estimate of reliability with Polya's Four Phases of Problem 
Solving, one other rater besides the researcher used the ten-point 
scale developed by Taylor-Pearce (1968). The second rater, a graduate 
student in Elementary Curriculum Studies, with mathematics experience, 
scored a sample of ten papers on all eight test items, given only the 
scoring scheme and test papers. As shown in Table 9, only Item was 
below the critical value of .632 of the correlation coefficient. The 
researcher accepted the reliability. 

The split-half reliability on odd-even items for Polya's Four 
Phases of Problem Solving, Spearman-Brown estimate, was .816 and 


accepted by the researcher. 
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TABLE 9. INTERRATER RELIABILITY OF POLYA'S FOUR PHASES OF PROBLEM 


SOLVING 


Item Bt 2 3 My 5 6 i 8 
Reliability 
Estimates SUTO “ESD62) VWi65S— 58125. 6953 6915 «~~. B83 8833 
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The Quality of Response Approaches scoring scheme required a 
multiple-rater estimate of reliability. Six raters from Mathematics 
Education, four graduate students and two professors, and the researcher 
scored the same samples of ten tests on each test item. 

Each rater used a seven-point scale, Tables 10 to 12, of categories 
of approaches constructed by the researcher to provide a simplified 
version of the ranking of responses by the researcher. Three seven- 
point scales were used, one for Items 1 and 2, one for Items 3, hl, 5, 
and 6, and one for Item 8. The simplified scoring schemes were used 
in the reliability estimates rather than the researcher's scoring 
schemes to simplify conditions for the raters. The raters were given 
the categories and sample items without training. 

The method of estimating the reliability of ratings is based upon 
the analysis of variance. (Ebel 1951) The formulae yield the relia- 
bility of average ratings and the reliability of individual ratings. 
Both estimates of reliability are reported in Table 13, but since the 
raters worked individually, and in practice only one score would be 
obtained, the estimate of reliability of individual ratings should be 


considered primarily. 
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TABLE 10. QUALITY OF RESPONSE APPROACHES RELIABILITY CATEGORIES 1 AND 2 


Category Description of Category 


1 No response 

2 Guess without verification 

3 Restating the problem 

h Guess and verify (trial and error) 

5 Separate the numerator, keep the denominator as given 
6 Division into equal parts ( ie. divide by 2 or 3) 


i Deductive steps to separate the numerator and denominator 


TABLE 11. QUALITY OF RESPONSE APPROACHES RELIABILITY CATEGORIES 3 TO 7 


ACRE a nts ORE EES! A AR RIERA A eR RAI RARDIN He CS 


Category Description of Category 
ue No response 
2 Guess without verification 
3 Restating the problem 
yy Guess and verify (trial and error) 
5 Substitute information into known formula (eg. rate) 
6 Table or pattern 


fi Making an equation (deductive reasoning) 
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TABLE 12, QUALITY OF RESPONSE APPROACHES RELIABILITY CATEGORIES 8 


Category Description of Category 
a No response 
2 Guess without verification 
3 Computation in one part, no response in other part 
hy Computation in both parts, no use of a pattem 
5 No response first part, use of pattern in second part 
6 Computation in first part, use of pattern. in second part 


if Use of pattern in both parts 


TABLE 13. INTERRATER RELIABILITY OF QUALITY. OF RESPONSE APPROACHES 


Item Reliability of Confidence Limits (5%) Reliability of 
Individual Ratings for Individual Ratings Average Ratings 


Upper 5% Lower 5% 
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Items 1, 3, 6, and 7 have low reliability estimates, yet the upper 
confidence limits of all but Item 1 are above .500. The lower 
confidence limits of all but Item 8, however, are below .500, but are 
all positive. Difficulties among the raters with Category 7, Making 
an equation, contributed to the low reliability. Since the categories 
were hierarchical, many students who made equations had actually poorer 
approaches than other students using a different approach. The 
researcher had many levels of approaches within Category 7 to take this 
into consideration, but the simplified version of the rating scale that 
the other raters used allowed for no differences. Difficulty with 
Item 1 seems to lie with Categories 2, 5, and 7. Raters differed in 
their interpretation of guessing and deductive steps. 

Eventhough the reliability estimates were low, the researcher 
accepted the results in consideration of the previous discussion and 
the fact that the raters were not trained in using the scoring scheme. 

The Spearman-Brown estimate of the split-half reliability for odd 


and even items is .787 and accepted by the researcher. 


Summary 

A description of the treatments for Groups E, Dl, and D2 was given. 
The design, scoring, validity, and reliability was discussed for each 
of the three instruments: Student Inventory of Teacher Behavior, 
Achievement in Rational Expressions Test, and Problem Solving in 
Rational Expressions Test, With some qualifications, the instruments 


were found to have validity and reliability. 
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Chapter VI 


RESULTS 


Student Inventory of Teacher Behavior 


Hypothesis 1. There is a significant difference between the 
treatments of any two pairs of Group E, Group Dl, and Group D2. 

Since the purpose of administering the SITB was to show that the 
researcher used different treatments with the three groups, a 
significant difference between class consensus scores should exist. 
Table 14 shows that all the pairs of treatments were significantly 
different at the .05 level, and it can be stated that the researcher 
used different teaching methods in the treatments. To further illus- 
trate the differences between the treatments, Table 15 shows the class 


consensus scores, and Figure 1 presents them graphically. 


TABLE 14. SIGNIFICANCE OF THE DIFFERENCE BETWEEN TWO MEANS FOR 


INDEPENDENT SAMPLES FOR THE STUDENT INVENTORY OF TEACHER BEHAVIOR 


Treatment Pair af t-ratio Level of Significance (p=.05) 
E and Dl 58 4.075 12671 
E and D2 58 6a3le2 1641 
Dl and D2 58 2.561 12671. 
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TABLE 15. CLASS CONSENSUS SCORES FROM THE STUDENT INVENTORY OF TEACHER 
BEHAVIOR 

a ep ee et ee A SAB eg ee 

Category Group E Group Dl Group D2 


a ee ea 


Teacher Omniscience "2362 50.42 61.67 
(Items 1 to 5) 


Introduction of Generalization 20.0 61.25 64.16 
(Items 6 to 10) . 


Control of Pupil Interaction 54.58 51.67 65). 33 
(Items 11 to 15) 


Method of Answering Questions Se Are 59.17 vtec 
(Items 16 to 20) 


Uses of Student Responses 55.0 67.50 87.92 
(Items 21 to 25) 


Method of Eliminating False 32.91 51.67 68.34 
Concepts (Items 26 to 30) 


Achievement in Rational Expressions Test 


Hypothesis 2. There is no significant difference in the achieve- 
ment scores of students in A) Groups E and Dl, B) Groups E and D2, and 
C) Groups Dl and D2. 

The researcher was interested in the achievement scores to deter- 
mine whether students taught by discovery would maintain achievement 
levels equal to students taught by an expository method. Using the 
Computation for the Analysis of Variation, one-way classification, the 
F-ratio is .195, and eee no significant difference in the 
achievement scores of the three groups, as shown in Table 16. To show 


the effectiveness of the treatments, the mean scores appear in Table 17. 
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Profile of the Class Consensus Scores from the Student 
Inventory of Teacher Behavior 


26-30 


80 
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TABLE 16. ANALYSIS OF VARIANCE RESULTS FOR THE ACHIEVEMENT IN RATIONAL 


EXPRESSIONS TEST 


Source Sums of Squares af Mean Squares — F-Ratio 
Between 142.89 2 71.45 

e195 
Within PELSH els sal 366.0558 


W223. 32 for p=.05 


TABLE 17. MEAN SCORES FOR THE ACHIEVEMENT IN RATIONAL EXPRESSIONS TEST 


Treatment Pair E and Dl E and D2 Dl and D2 


Mean Score 65.45 69.50 65.00 


Problem Solving in Rational Expressions Test, Correct Answers Scoring 


Scheme 

Hypothesis 3. There is a significant difference in the problem 
solving scores of students in A) Groups E and Dl, B) Groups E and D2, 
and C) Groups Dl and D2. 


The researcher expected Groups Dl and D2 to have better problem 
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solving scores than Group E. This was not the case using the Correct 
Answers scoring scheme. The F-ratio was 1.020 for the Analysis of 
Variation, one-way classification, as shown in Tables 17 and 18, and 
there is no significant difference in problem solving mean scores 


using the Correct Answers scoring scheme. 


TABLE 18, ANALYSIS OF VARIANCE RESULTS FOR THE PROBLEM SOLVING IN 


RATIONAL EXPRESSIONS TEST USING CORRECT ANSWERS SCORING SCHEME 


Source Sums of Squares af Mean Squares F-Ratio 
Between 3.863 2 1.9315 

26020 
Within 58.707 Br 1.89h 


B39 .5¢ tor p— .05 


TABLE 19. SIGNIFICANCE OF THE DIFFERENCE BETWEEN TWO MEANS FOR 
INDEPENDENT SAMPLES FOR PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST, 


CORRECT ANSWERS SCORING SCHEME 


Treatment Pair df t-ratio Level of Significance (p=.05) 
E and Dl 20 909 e725 
E and D2 21 1.568 dl 9/2 
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Problem Solving in Rational Expressions Test, Quality of Answers 
Scoring Scheme 


Hypothesis 3. There is a significant difference in the problem 
solving scores of students in A) Groups E and Dl, B) Groups E and D2, 
and C) Groups Dl and D2. 

For the Quality of Answers scoring. scheme, the mean scores for 
Groups Dl and D2 were not significantly better than the mean score 


for Group E, as shown in Tables 19 and 20. 


TABLE 20. ANALYSIS OF VARIANCE RESULTS FOR THE PROBLEM SOLVING IN 


RATIONAL EXPRESSIONS TEST USING QUALITY OF ANSWERS SCORING SCHEME 


Source Sums of Squares af Mean Squares F-Ratio 
Between 4.79 2 239.500 

elec 
Within 10282 See poLsOr tT 


F 23.32 for p£.05 


TABLE 21. SIGNIFICANCE OF THE DIFFERENCE BETWEEN TWO MEANS FOR 
INDEPENDENT SAMPLES FOR PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST, 


QUALITY OF ANSWERS SCORING SCHEME 


Treatment Pair af t-ratio Level of Significance (p=.05) 
E and Dl 20 633 ere 
E and D2 21 1.36), Ue red 


Dl and D2 21 «466 1.721 
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Problem Solving in Rational Expressions Test, Polya's Four Phases of 
Problem Solving Scoring Scheme 


Hypothesis 3. There is a significant difference in the problem 
solving scores of students in A) Groups E and Dl, B) Groups E and D2, 
and C) Groups Dl and D2. 

The F-ratio of 2.207 from Table 21 does not indicate a significant 
difference in the mean scores using Polya's Four Phases of Problem 
Soving scoring scheme, However, when examining pair differences 
between the means, as in Table 22, there is a significant difference 


between the mean scores of Groups E and D2 at .05 level. 


TABLE 22. ANALYSIS OF VARIANCE RESULTS FOR THE PROBLEM SOLVING IN 
RATIONAL EXPRESSIONS TEST USING POLYA'S FOUR PHASES OF PROBLEM SOLVING 


SCORING SCHEME 


Source Sums of Squares af Mean Squares F-Ratio 
Between 891.00 2 4hS.520 

2.207 
Within 6257.33 ak 201.850 
Ro 3.32 for p#.05 
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TABLE 23. SIGNIFICANCE OF THE DIFFERENCE BETWEEN TWO MEANS FOR 
INDEPENDENT SAMPLES FOR PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST, 


POLYA'S FOUR PHASES OF PROBLEM SOLVING. SCORING SCHEME 


Treatment Pair df t-ratio Level of Significance (p=05) 
E and Dl 20 0732 1.725 
E and D2 21 222k 72) 
Dl and D2 21 1.395 Teer 


Problem Solving in Rational Expressions Test, Quality of Response 
Approaches Scoring Scheme 


Hypothesis 3. There is a significant difference in the problem 
solving scores of students in A) Groups E and Dl, B) Groups E and D2, 
and C) Groups Dl and D2. 

Using the Quality of Response Approaches scoring scheme, the 
analysis of variance, in Table 23, showed significant differences 
at .05 level between the three groups. A pair-wise examination of the 
significance of the difference between the mean scores, in Table 2h, 
indicates a significant difference at .05 level between Groups Dl . 
and D2 in favor of D2 and a significant difference at .01 level 


between Groups E and D2 in favor of D2. 
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TABLE 2. ANALYSIS OF VARIANCE RESULTS FOR THE PROBLEM SOLVING IN 


RATIONAL EXPRESSIONS TEST USING QUALITY OF RESPONSE APPROACHES SCORING 


SCHEME 
Source Sums of Squares af Mean Squares F-Ratio 
Between LOS22 465 2 51613.650 
4.768 
Within 55875.2 : 31 10824.038 


F 23.32 for p£.05 


TABLE 25, SIGNIFICANCE OF THE DIFFERENCE BETWEEN TWO MEANS FOR 
INDEPENDENT SAMPLES FOR PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST, 
QUALITY OF RESPONSE APPROACHES SCORING SCHEME 


Treatment Pair df t-ratio Level of Significance (p=.05) 


E and Dl 20 698 Ler25 
E and D2 el 2.531 eter 


Dl and D2 rail eto 1.721 


ics 7 as va 


. Hi see 5 
F ae fs baeal i oa — 7 


f) 7 


aurteng’ aint if 
i . | 7 ¥ J . ; : a s c? = 4 > 
| _ ten - re ae: out ‘ae sp by mad 


Usout fale 
MEO Wi TAOL VE 


Op ctbdes Oar & Gere 


BN ad es 


\ 

‘wr emake OT Yate SOMA wet 29 
4 CROrEPAE castes We oMrtice Maat HON t 
Aus ORAUOE SARDAORTA SSRN GO 


87 


Correlations of Problem Solving in Rational Expressions Test Scores 


Since different results were obtained when alternate scoring 
schemes were used, the correlations between the problem solving scores 
were found, As shown in Table 25, the pair-wise correlations are well 
above the critical value of .3l9 for significance at the .05 level. 
The two extreme scoring schemes, Correct Answers, which scores only on 
product, and Quality of Response Approaches, which scores only on 


process, had the lowest correlation, although still significant. 


TABLE 26. CORRELATIONS OF PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST 


SCORES 
Pairs Correlations 
Correct Answer and Quality of Answer 870 
Quality of Answer and Polya 916 
Polya and Quality of Response Approaches 869 
Quality of Response Approaches and Correct Answer 659 
Correct Answer and Polya 808 
Quality of Answer and Response Approaches eau 


Summary 

The three treatment groups were found to be significantly different 
as judged by the students in the groups. There was no significant 
difference in the achievement scores of the three treatment groups. 


There were no significant differences in the problem solving scores of 
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the three treatment groups using the Correct Answers and Quality of 
Answers scoring schemes. However, when using Polya's Four Phases of 
Problem Solving and Quality of Response Apporaches scoring schemes, 
which evaluate the process of problem solving as well as the product, 
the problem solving scores were significantly different in favor of 


Group D2, the group with all aspects of discovery teaching. 
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Chapter VII 


SUMMARY, CONCLUSIONS, AND IMPLICATIONS 


Summary 


The study is concerned with the effect of discovery teaching in 
mathematics on achievement and problem solving ability of Grade X 
matriculation students. Three dimensions of discovery teaching were 
examined to form three treatments. The interaction dimension involved 
students working independently or together in groups. Closed interac- 
tion, students working independently, was an expository aspect, while 
open interaction, students working in groups, was a discovery aspect. 
The guidance dimension involved the teacher control of the classroom 
learning. Closed guidance, the teacher controlling the classroom 
learning completely, was an expository aspect, while open guidance, 
the teacher introducing the problems of study and consolidating the 
subject matter learned after student pursuit of the problems, was a 
discovery aspect. The integration dimension involved the exercises or 
problems students worked on after each lesson Be activity. Closed 
integration, practice exercises similar to those demonstrated by the 
teacher or hypothesized by the students, was an aspect of expository 
teaching, while open integration, problems leading to new hypotheses, 
was an aspect of discovery teaching. The three treatment groups were: 
1) Expository (E), containing closed interaction, closed guidance, and 
closed integration, 2) Discovery I (Dl), containing open interaction, 
open Sai Batted and closed integration, and 3) Discovery II (D2), 


containing open interaction, open guidance, and open integration. 
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Treatments for the three groups were developed by the researcher 
on the topic, Rational Expressions, from the regular Mathematics 10 
curriculum. Thirty six Mathematics 10 students were divided into 
three treatment groups of twelve students each. All three treatments, 
taught by the researcher, lasted eleven days, eighty minutes per day, 
with two days of testing for problem solving and achievement. Problem 
Solving in Rational Expressions Test was developed by the researcher 
and Achievement in Rational Expressions Test was developed by the 
researcher and one of the classroom teachers involved in the experiment. 
Additionally, students from Groups Dl and D2 were interviewed by the 
researcher following the experiment. To insure that the treatments 
were different, the Student Inventory of Teacher Behavior was given to 
the students at the conclusion of the treatments. 

The Student Inventory of Teacher Behavior involved a five-point 
scale on thirty items testing teacher omniscience, introduction of 
generalization, control of pupil interaction, methods of answering 
questions, use of student responses, and method of eliminating false 
concepts. 

The Achievement in Rational Expressions Test contained forty items 
covering the topics of the unit, Rational Expressions. The items are 
exercises similar to the practice exercises of Groups E and Dl. 

The Problem Solving in Rational Expressions Test contained eight 
items defined as problems which cannot be solved directly using a 
learned algorithm. The problems involved rational expressions in the 
solution. Four scoring techniques, Correct Answer, Quality of Answer, 
Polya's Four Phases of Problem Solving, and Quality of Response 


Approaches, were applied to the eight items, with separate statistical 
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analyses reported for each scoring scheme. The Correct Answer scoring 
scheme awards points only to the correct answer, or product. The 
Quality of Answers awards full points only to the correct answer, but 
partial results or errors in a possible solution are also awarded 
partial points. Polya's Four Phases of Problem Solving looks at all 
stages of problem solving, understanding the problem, design, procedure, 
and solution. The Quality of Response Approaches scores on the process 
of students' problem solving. All approaches to problems are ranked 
according to feasibility to reach a correct solution and mathematical 
competence. Scores are awarded according to the ranking. Alternate 
scoring schemes allow for differing outcomes of problem solving and 


results of problem solving ability. 


Setting and Design Qualifications 


Prior to the discussion of the results and conclusions, the setting 
and limitations of the experiment will be discussed. By setting, the 
researcher refers to the observations of the researcher while teaching 
the three groups and the reactions of the students to the experimental 
treatments. As Wittrock (1966) says: 

In a culture where children are customarily taught 
by reception rather than discovery, we should not 
be surprised if their histories are more influential 
than our brief treatments. Neither should we be 


surprised if a new discovery procedure is interesting 
and motivating, at least until the novelty wears thin. 


(p. 68) 
Students generally seemed to cooperate with the eeearcher: 
particularly after being told that they would be responsible for the 
material covered in an achievement test following the treatment and 


reported to their regular teacher. The prime concern seemed to be the 
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grade received and the effect of the unit on later work in the course. 
An outsider entering a situation as this is limited to the topics from 
the established curriculum to ensure first, the cooperation of the 
teachers, and second, the cooperation of the students. Another limita- 
tion, again to ensure cooperation of students and teachers, was the use 
of volunteers. Motivations of volunteers are most likely not the same 
as those of a random sample, but to be able to carry out the research 
with the cooperation of the school, teachers, and students, ebitiiteers 
were used. 

On the positive side, those students who did volunteer to cooperate 
in the research seemed willing to try something different. Perhaps the 
time of year, the last three weeks of April, had something to do with 
the preference for change. Even students in Group E, who were probably 
given a stricter treatment than in their regular class, seemed to 
welcome a change. The smaller class size of twelve, with more 
individual attention available from the teacher, was also probably a 
factor in the positive attitudes of the students. 

During the treatments, the researcher observed some differences 
between the groups. The discovery groups were more easily motivated. 
For instance, Group D2 spent forty minutes arguing over one problem 
(Problem 19 of Activity 1), with all students actively involved in the 
discussion, at times getting into a heated debate. The enthusiasm 
carried over into further discussions in the class. Group Dl also was 
enthusiastic about the discussions of problem solutions. Many students 
in Groups Dl and D2 appeared frustrated at times, especially near the 
beginning of the treatments, but later seemed to be enjoying the 


discussions, especially when differing viewpoints created arguments. 
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The students also appeared to enjoy working together in pairs, with 
only one student (in Group Dl) who preferred to work alone, but did 
cooperate by working in pairs. The researcher's attitude may have 
also been a factor, but the researcher made a special effort to show 
equal enthusiasm for all groups. 

The students in Group E were attentive during the teacher presen- 
tation of the lesson and volunteered answers readily whenever asked by 
the teacher, They wanted to work together, but were not allowed to, 
creating some dissension at first. They soon got used to working 
individually, but apparently their regular teacher allowed them to 
work together on exercises. They did appreciate the attention of the 
teacher to answer any questions that arose during the individual work 
on practice exercises. 

One big difference between Group E and Groups Dl and D2 was the 
dependence on the teacher. Students in Group E grew increasingly more 
dependent, as determined by the increasing number of questions asked by 
the students during the teacher explanation session and individual work. 
Students in Groups Dl and D2 grew more independent when they realized 
that the teacher was not going to answer any questions about the prob- 
lems they were working on. However, Group Dl was dependent during the 
integration phase of each activity, when the teacher did answer ques~ 
tions about the practice exercises they were working on. It is likely 
that the students in Dl were confused at times with their role in the 
classroom, having to be alternately independent in the developmtental 
phase and dependent in the integration phase of the activities. This 
may have had some effect on their performance on the PSRET. 


Another difference between Groups Dl and D2 was in the type of 
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integration each received. Group Dl practiced the generalizations 
already made’ by the class in exercises which were similar to the 
problems used to make the generalizations. Group D2 worked on problems 
‘which used the: generalizations made by the. class,. but which.also 
involved some new generalizations to be discovered, Group D2, then, 
had more opportunity to work on problems, and then had the additional 
new generalizations to work with, which neither Group Dl or Group E had 
been exposed to, Although the items of the PSRET and ARET did not 
involve these extra generalizations, they still may have had an effect 
on the mathematical experiences of Group D2, allowing them to perform 
better on the tests. 

At the end of the first week, Groups Dl and D2 seemed to be making 
faster progress than Group E. The teacher's pacing of the groups 
probably led to that conclusion, since Group E was totally dependent 
on the teacher's assignments to begin the next lesson, while Groups 
Dl and D2 controlled their own time in completetion of the activities. 
By the end of the treatments, the three groups had made the same prog- 
ress. Another explanation is that the problems given to Groups Dl and 
D2 in the first few activities were easier. Group E did not receive 
those questions until later in the unit. 

The researcher noted observations of the students while taking 
the PSRET. Group E had not been exposed to any problems during the 
treatments, and the students protested about taking the test. Three 
students in particular showed extreme frustration while taking the 
test, and one student left most of the problems unattempted. Another 
student tried to look at two students' answers, but were stopped. 


Students often tried asking questions during the test. The group was 
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very discouraged when handing their tests in. Most students left 
early, not willing to spend the entire seventy mimutes on the test. 

The Group D2 students started working immediately on the test. 
Some said that they did not understand, but were willing to try. A 
few students asked if they could work together on the test as they 
had in the treatment, but were refused. The students did not attempt 
to ask questions of the teacher during the test. All students worked 
on the test for the entire seventy minutes. While they felt that it 
was a hard test when they finished, they did not appear to be frus- 
trated. | 

Group Dl groaned a bit when first receiving the test, protesting 
that they did not understand. However, they started working soon after 
without further complaint. They seemed motivated to do the test. They 
also felt that the test was hard when they handed it in, half of the 
students handed it in early, and half at the end of the seventy minutes. 
The students did not appear frustrated, 

The biggest difference between Group E and Groups Dl and D2 was 
the frustration shown during the test. This is probably accounted for 
in the mind-set created by the treatments. Group E was the most frus- 
trated, never having encountered any problems in the treatments. 

Group Dl was only slightly frustrated at the beginning of the test, 
while Group b2 showed no frustration. 

The students had interesting comments to make about the treatments. 
Only students in Groups Dl and D2 were interviewed, since Group E was 
considered to be similar to the regular classroom treatment. Most 
students favored the treatment, as explained by Wittrock's novelty idea, 


the smaller class size, the change in the middle of the term, and 
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being allowed to work together. 
Interviews with Group D2: 


Barb: I didn't like it. It seemed easy at first, but you learned 
afterward that you did it the wrong way. I didn't learn 
how to do word problems. JI liked working in partners. 


Karen: You should tell the method first. This way we have to sit 
and suffer. I got everything except the problems. We 
always work in partners anyway. 


James: It wasn't bad, but I don't like to go into that much 
detail; the answer is good enough. It was not enjoyable 
at first, but it picked up. You learn more methods of 
doing things. You try different methods no matter how 
crazy it looks. I probably learned better in this class, 
I learned by doing it on my own. I would recommend it. 

I put other things I learned in math to use. 


Linda: I did not like what you were doing. We didn't get any 
formulas, didn't know if we were right. We spent too 
much time on some questions. It was tedious at times. 

I sort of know what to do on the test. Before the test, 
in class, I didn't wderstand while we were doing it, but 
I studied before the test and understood when you went 
over it. We had easier problems, then harder ones. We 
had no formulas and no method of using formulas. The word 
problems were hard. It was fun though. 


Jo-Anne: It was okay. I liked working in groups and learning 
different methods. I felt I learned as well as in the 
regular class. The test was hard. 


Janice: I couldn't follow a small part of it. I probably learned 
as much as in the regular class. It was interesting. I 
liked it when we helped each other, and solved the prob- 
lems on the board. 


Deb: It made you think. I learned as much a I would have in the 
regular class. Some things were unclear. 


Janet: I liked it, it seemed easier. The learning conditions 
were easier. It was better because we tried our own ideas 
and where we made mistakes, it was a better way to learn. 
You can figure it out. It was refreshing from the old 
ways Excellent and fun. 


Susan: Parts of it were better. When you learn by yourself, it 
sticks in your mind better. I don't remember formulas when 
given them. This way you make your own formula. Parts of 
it were too hard. 


; i 


- iaey) 4 mes 


racers t don Sieh. , hess du “eneibt ya 
vamos tet RD i We BOTH 7 D ON Fags 
verre Pseg mt sain Saweh yi . if . EO 


Sin of wns wt (ee whet eke 
at! «6, fo comm ee 


od ‘evo bae ed aw "'* Again bo8y af rewette. 
Lo shedtem ozom cermol soy. . ser. Seated a2 bord 4 be 
wood Siege on shodjem duels vit oT” o87 4 
.enold 2ie? at rotted beseel yldedom 2D) weteas cae 

Zt boemwoet bivow Law Un oo Of gabe’ qd beamet 
watt od Ginn at baotsel I egeich wedvo day T 


tie fou ctobth os .natoh otew og darts OSE dott kb I iwhitl 
om dxteoqn 0 .diigte over ew 2 wort dtebib .ealeect 

bake ge wmthed sew oT. yecoldwemp ome, my amit ior |) ia 
-boet etd omelet dco? at ao ch ot gedw wom te gmoe T , : 

tact Wt ante saw ov oe w bonademebay @abth F ,.eualo ak) / any 
ert soe. texte berteiabe bom duet. odd oseled Beiaie Tt | 

ew 4a yess cont> onion agtanp twit ow Ar Seve. sige tae 

yrow of cmt wes oe podem on bus accbiet og bad | 7 

fonotd mt eaw dL .irwdk ovow upmldorg iia 


ise Ao. OOM ecco" ie <> loi beail bt new cant OT 2 ao ie, _ 
ai? at ee fie ce houmaal i #iai I sabvosid oa taotes itp fe 
era: sew eed 27) .000 “RN - a 
hoornat) Rs sway D...@2 to d¢0@ Digatr o ——. } ‘ob Looe h), eae 
r at vot awe 22 ,aaato gpleget ent a. Ge Cone ae FS 


sile Sovfoe, bre prodder dese hewlad su co 29 boalks) 7 
7 : bused ait oo ame | aya 


of a | , Alea 
i ot sven bs Lasone T 5 (Sumy ta . < sideuaitt oo, ehast ca = 4 
| tee one en, amo 6 oa ToL 


<mothiieoy gaimmel bi 
sookl. me nm pelit ex — 
reat of you patted © ane 
fley este aed sire 


97 


Garry: I liked it. When doing the problems, I didn't know 
whether I had good answers. It bothered me. 


David: I enjoyed the class. It was fum. More answers are needed, 


John: It was dull. It dragged one We spent too much time on 
one problem. 


Interviews with Group Dl: 


Marion: It was good except for the behavior of some students. It 
was too quick on some sections. I learned well on the 
parts we took time on. I enjoyed the class, good teacher. 
I'm not sure it would work for the whole class, better 
for a small group. Good students were having problems. 


Ed: I liked it because you didn't have to sit and not say any- 
thing. It helped because I did better on the test. 


Lori: It would have helped if we would have had different 
students. It was noisy. I liked to work together. It 


was a good way to learn because you think more, don't 
daydream. It keeps you awake. 


Gino: I didn't like the noise. It was okay. I learn more when 
it's quiet. 


Dwayne: It was fun. I fooled around but still learned. At times 
I didn't know what I was doing, but when I figured it 
out, I really know what I was doing. 

Ostap: I didn't understand. I can't factor, so it hurt in this 
unit. I worked it out, but not the problems we didn't 
spend much time on. JI learned as well as the other 
method, 

Kevin: I liked it. It was easy. Things were explained. 

Laurel: JI didn't understand parts, it went too fast. I couldn't 


concentrate. Part was easy. I didn't see too much 
difference. 


Limitations 


Since the study was done at only one school and with only one 
course at one grade level, generalizability is reduced. The assumption 
is that the high school chosen is representative of the Edmonton Public 


Schools. It is assumed that each student cooperated and made an honest 
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effort in answering the problems and exercises. Also, since the 
researcher is applying the treatments, researcher bias must be taken 
into account. 

In scoring the problem solving tests, only the written work of 
the students was available, and inferences about their problem solving 
processes had to be made from the written work. 

The researcher was an intruder into the classroom, creating both 


positive and negative effects. 


Summary of Results and Conclusions 

Hypothesis ve There is a significant difference between the 
treatments of the three Groups E, Dl, D2. 

The results support this hypothesis, as all pair-wise analyses 
using the Significance of the Difference Between Two Means are 
significant at the .05 level. 

The conclusion is that the treatments are different as perceived 
by the students, and Group E students rated the treatment as expository, 
and Group Dl and D2 students rated the treatments as discovery, with the 
D2 rabing a higher discovery rating than Dl. 

Hypothesis ¢. There is no significant difference in the achieve- 
ment scores of students in groups E, Dl and D2. 

The results support this hypothesis. While expository teaching is 
often considered to have better results with achievement, the results 
here indicate that discovery teaching can be as effective in achievement 
as expository teaching. 

Hypothesis 3. There is a significant difference in the problem 


solving ability of students in Groups E, Dl, and D2. 
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The results for this hypothesis. are: 

1. Using Correct Answers scoring scheme, there is no significant 
difference at .05 level in problem solving ability of students in 
Groups E, Dl, and D2. 

2. Using Quality of Answers scoring scheme, there is no signifi- 
cant difference at .05 level in problem solving ability of students in 
Groups E, Dl, and D2. 

3. Using Polya's Four Phases of Problem Solving scoring scheme, 
there is a significant difference at .05 level between Groups E and D2, 
in favor of Group D2. There is no significant difference at .05 level 
between Groups E and Dl or Groups D1 and D2. 

lk. Using Quality of Response Approaches scoring scheme, there is 
a significant difference at .05 level between Groups E and D2 and 
Groups Dl and D2, each time in favor of Group D2. There is no signifi- 
cant difference at .05 level between Groups E and Dl. 

5. All correlations of scores from the four problem solving 
scoring schemes are significant at .05 level, with the lowest correla- 
tion between Correct Answers and Quality of Response Approaches, 
at .659. 

The researcher concludes that the scoring schemes, designed to 
measure. different aspects of problem solving, do measure different 
aspects of problem selving. The Correct Answers method was designed 
to measure product, while the Quality of Response Approaches was 
designed to measure process. Since the correlations for these two 
scoring schemes was the lowest, and these two scoring schemes are 
designed to measure different aspects, it may be concluded that the 


researcher has achieved some separation between the measurement of 
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process and product in problem solving. 

Results differ between scoring schemes. It cannot be stated 
conclusively that discovery teaching improves problem solving ability. 
However, based on the findings from Quality of Response Approaches, 
students taught by a discovery approach score significantly higher on 
problem solving processes than students taught by an expository 
approach, while scoring equally well on problem solving product. 
Further, students who have integration problems which involve further 
discoveries, as Group D2, perform significantly better on problem 
solving processes than students taught by a discovery approach but 
given practice exercises involving no new discoveries, as Group Dl. 

The Group D2 students solved only problems leading to new discoveries, 
possibly improving their problem solving processes. Students in the 
Dl group may have relied on the exercises at the end of each activity 
to do most of the learning, rather than concentrating on the problem 
solving involved in the discovery activity itself, 

Polya's Four Phases of Problem Solving also considers process of 
problem solving, as well as product, and from the results, discovery 
teaching has a significant effect on problem solving. 

When using the discovery approach developed for Group D2, with open 
interaction, open guidance, and open intergration, the students' 
problem solving ability in terms of process can be significantly 
improved, while maintaining problem solving ability in terms of product. 

The question remains: The purpose of problem solving is to find the 
answer, or product. Why should a scoring scheme examine process? What 
is the relationship of product and process in problem solving? From 


the Conceptual Framework, Bloom (1950), Le Blanc (1977), Kantowski (1977) 
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Shulman and Elstein (1975) believe that knowledge of the process by 
which a problem is solved is at least as important as the product. 

It is the belief of the researcher that the process of problem solving, 
which implies openess to new problem situations, willingness to make 
an attempt at solving problems which look difficult, making statements 
about problems, and looking for patterns or equations, precedes the 
attainment of the product, which implies persistence to find the 
solution. Students must learn means of approaching problems before 
they can solve them. Through discovery learning, the researcher 
believes that students become more open to try different problems and 
develop good approaches to problems. With longer periods of time 
using a discovery approach, students will also gain in the learning of 
persistence to find the solution, or product. Process preceeds 
product, and improvement in problem solving process will lead to 
improvement in problem solving product. 

The students taught by a discovery approach with integration 
involving problems leading to new discoveries maintain the ability to 
find the product in problem solving while improving in the process of 
problem solving. The researcher believes that a longer exposure to a 
discovery approach will also improve the product of problem solving. 

According to Skinner and the laboratory study of learning, the 
complex process of problem solving obeys the same laws as elementary 
behavioral processes of stimulus-response behavior. This theory 
suggested the Quality of Response Approaches, where the approach leads 
to the product. If indeed, longer treatments of discovery also lead 


to improved product of problem solving, this theory is supported. 
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implications for Practice 


At the least, the discovery teaching method is a viable teaching 
method from the achievement results alone. Teachers have a useful 
alternative teaching method in discovery teaching, even if achievement 
is the oly goal of the teacher. 

Depending on the scoring scheme used to measure problem solving 
ability, discovery Pogcnine can be used to improve problem solving 
process. Through the use of discovery teaching, problem solving can 
be taught while covering prescribed curriculum material of the mathe- 
matics program. 

A discovery unit was developed by the researcher on a topic not 
generally considered to be a good discovery topic. It is the belief 
of the researcher that any topic of the mathematics curriculum can be 
developed into a discovery unit. 

When using a discovery teaching method involving open integration, 
teachers can expect improved problem solving processes in their 
students. The product in problem solving will be at least as good as 
with an expository approach. The results of this study suggest that 
teachers using a discovery approach with open integration can maintain 
the achievement and product in problem solving in their students, while 


adding an improvement in problem solving process. 


Implications for Further Study 


From the conclusion that product and process of problem solving 
can be measured separately, the question arises, "Is it reasonable to 


separate process and product?" There is a need to study more about 
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the connection or disconnection of product and process in problem 
solving. There is a need to determine which should be emphasized 
first, or both equally, in the teaching of problem solving. 

In measuring the process of problem solving using the Quality of 
Response Approaches, inferences were made about the process which 
students were using to solve problems from their written work. Inter- 
views with students while solving panies or stimlated recall after 
a problem solving session are methods which could give a closer 
examination of students! problem solving process. While the interview 
method has been used to study problem solving processes of students, it 
has not been used following an experiment with discovery and expository 
groups. 

The researcher has developed four scoring schemes for problem 
solving and reported the results separately. Could an average be taken 
for the scoring schemes? What are alternate ways of reporting results 
from four scoring schemes? Are other scoring schemes possible from 
attempts to measure different aspects of problem solving? 

For this grade level and this topic, the problem solving processes 
of students were improved using discovery teaching. Further research 
with other topics and other grade levels needs to be done. 

Further research involving a longer treatment period with a. 
discovery group similar to Group D2 could examine the researcher's 
belief that an extended discovery approach will also improve product 
in problem solving as ei as process. 

In comparing this study with Ong's (1976) study, some further 
questions arise. Ong used an expository approach with Grade VIII 


students in motion geometry, but gave them integration problems similar 
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to Group D2, instead of the traditional exercises for practice. 

Groups 7 and 8 in the Conceptual Framework of this study are similar 
to Ong's approach. The integration problems differed from Group D2 

in that they were divergent, involving several answers, rather than — 
convergent, involving one answer. However, students in both studies 
had to think of a variety of approaches or processes to solve the 
problems, so in that way the problems were similar. Ong's experimental 
students performed significantly better on a convergent problem solving 
test than his control students, who also were taught by an expository 
method and practiced traditional exercises. 

The common elements of the two treatment groups with significantly 
better problem solving scores (Group D2 of this study and the experi- 
mental group of @ng's study) is not the developmental phase (one being 
discovery and one expository), but the integration phase. Perhaps 
the integration phase has more impact on the students, and either 
discovery or expository teaching in the developmental phase will improve 
problem solving as long as the integration phase involves probiems. 
rather than exercises. The results of Group Dl, with practice exercises 
rather than problems, add support. to this conclusion. Further research 
needs to be done on the same population, independent variables, 
criterion variables, and topic, comparing Groups 7 and 8 with Group 
(Group D2) from the Gonceptual Framework. | 

The researcher administered the treatments in this study to avoid 
the problems of finding teachers willing to learn the treatments and 
then training the teachers. In this way, the researcher has increased 
the internal validity of the study by ensuring that the students 


received the treatments as conceptualized by the researcher, but the 
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external validity, or generalizability, has been decreased, since the 
treatments were not used by random classroom teachers. Other 
researchers have attempted to solve this problem by using programmed 
materials in the discovery approach, so any random classroom could be 
used. The treatment then suffers, since difficulties of how to handle 
open interaction of students and the consolidation and evaluation 
aspects of the developmental phase. Further research on the best way 
to administer a discovery teaching method in the classroom with maximum 
internal and external validity is needed. The researcher believes that 
the study is acceptable for internal and external validity, and that 
the results and conclusions made are significant to the field of 


mathenatics education. 
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TREATMENT FOR GROUP E 


Each lesson followed the same pattern. The teacher spent 
approximiately ten minutes introducing the lesson. The introduction 
involved definitions, examples, and prescriptions given by the teacher. 
A discussion period followed in which the teacher worked examples on 
the board with the students supplying Sean when asked to by the | 
teacher. The students also asked any questions they had regarding the 
lesson. The students were then assigned problems to work individually 
while the teacher helped individmal students with any questions they 
had. At the end of the period, the problems were corrected by demon- 
Strating the steps in the solution either by the teacher or other 
students. Each lesson took one eighty-minute period to complete. Some 
lessons included more than one topic. The topics covered in each 
lesson are listed. 

Lesson 1, Definition of Rational Expressions: Permissible Values 
Lesson 2. Simplifying Rational Expressions; Multiplying 

Lesson 3. Division of Rational Expressions 

Lesson , Addition of Rational Expressions 

Lesson 5. Subtraction of Rational Expressions 


Lesson 6, Division of Polynomials; Dividing by a Monomial; Dividing 
by a Polynomial 


Lesson 7. Rational Expressions in Open Sentences: Equations 
Lesson 8. Rational Expressions in Open Sentences: Inequalities 
Lesson 9. Word Problems 

Lesson 10. Complex Rational Expressions 


Lesson ll. Review 
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Activity 1. Rational Equalities 


TREATMENT FOR GROUP D1 


L22 


The students were given the list of nineteen problems to solve. 


The only instructions given were to work in pairs to find the value 


O13, 


The first eleven problems were given to the students on Day 1, 


and the rest of the problems were given to the students on Day 2. 


Problems 
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Combine (add or subtract) fractions using a camon denominator 
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2e To solve equations involving rational expressions: 


a. Cross=multiply 


b. Guess 


c. Multiply by a common denominator 


d. Combine fractions on one side, then cross-multiply 


3. You have to substitute answers back into the equation to find 


out if you have a zero denominator. 


h. Rational expressions with a zero denominator do not fit the 


definition of rational number: 


5. Dividing by O is impossible. 
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Activity. 2. Rational Equalities with Quadratics 


The students were instructed to solve the following equations. 


They could use the hypotheses from Activity 1 when necessary and formu- 


late new hypotheses as needed. 
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i. There are two possible answers when there is a square term 
in the problen. 

2. To solve equations with a square term, get all members on one 
side of the equation so one side equals 0. 

3e You can have only one answer when one of the possible solutions 


makes a zero denominator in an equation with a square term. 
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Activity 3. Rational Inequalities 


Problems 
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1. When mltiplying both sides of an inequality by a negative, 
change the sign of the inequality. 
2. When you cross-multiply with inequalities, you must be careful 
which side of the inequality the mumbers are on. 
3. You can't use cross-multiplying when dealing with inequalities. 
4. Short cut in rational expressions with inequalities: 
a. Work out the case with the positive denominator. 
be Take the negative denominator less than zero for the 
other part of the answer. 
5. You must consider the conditions of the denominator being 


positive or negative along with the solutions of the inequality. 
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6. Take the more specific (intersection) of the denominator 
being positive and the result of the inequality when the sign 
doesn't change as one answer. Take the more specific (inter- 
section) of the denominator negative and the result of the 
inequality when the sign changes direction. There are two 
parts to the solution. 

Comnents 
The students started working the inequalities as they had 

equations. The results were incomplete or incorrect. The 

students were satisfied with these answers until the teacher 
pointed out a member of the solution set which was verified 

using substitution but not part of the solution set obtained by 

the students. The students then used substitution to find the 
solution set until they found patterns. The teacher directed them 
to problems 3, 6, 7 and 9 for small group work to find the 


procedures for finding the solution set. 


Practice 
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Activity lh. Word Problems 


Problems 


1. 


2e 


(ie 


Je 


Find a number such that the sum of two-thirds of the number 
and three-fifths of the number is 38. 

Five-sixths of a number is 6 more than one-half of the number. 
Find the number. 

Separate 174 into two mmbers whose quotient is 20/9. 

One number is five times a second number. Find the numbers 
if the reciprocal of the lesser exceeds the reciprocal of the 
greater by 2/5. 

Mr. Benner drove 270 miles in the same amount of time that it 
took Mr. Strow, traveling 10 miles per hour faster, to travel 
330 miles. Find the rate at which Mr. Benner drove. 

Shawn traveled 12 miles in 2 hours. He walked half the dis- 
tance and rode his bicycle the remaining distance. If his 
riding rate was 3 times his walking rate, find the two rates 
at which he traveled. 

A bus trip of 180 miles would have taken four-fifths as long 
if the average speed had been increased by 9 miles per hour. 
Find the rate at which the bus traveled. 

A barge travels 36 miles down a river in the same time that 
it takes to travel 2); miles back up. The currect flows at 

3 miles per hour. What is the rate of the barge in still 
water? 

Al can paint a house in 6 days. Write in fractions the part 


completed in 1, 2, h, 6, and x days. 
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10. Carol can clean the house in 5 hours. David can do it in 
8 hours. Write in fractions the parts done in 1 hour, 

2 hours, 3 hours, and x hours, if Carol and David work 
together. 

11. Carson's crew can do the cement work for a new building in 
6 days. Green's crew would need 8 days. How many days will 
it take if the crews work together? 

12. Tom can mow his lawn in 5 hours. If Julia helps Tom, the 
job is done in 2 hours, How many hours would it take Julia 
working alone? 

Hypotheses 
Each problem was discussed by the group. A demonstration of 

different ways of solving each problem was shown and discussed. 

This method was used rather than peneral hypotheses to apply to 

all problems. If equations or inequalities were used, the 

hypotheses of the previous activities applied. 

Practice 

1. What number added to both the numerator and denominator of the 
fraction l:/7 results in a fraction equal to 1/5? 

2. One of two positive numbers is twice the other,: and their 
reciprocals differ by 1/10. Find the mumbers. 

3. A motorist drove 120 miles at a certain rate. On the return 
trip he doubled his rate. If the round trip required 6 hours, 
find the rates at which he traveled. 

lh. Samuel can carpet a floor in 10 hours. If Irene helps hin, 
the job is done in 6 hours. How many hours would it take 


Irene working alone? 
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Machine A can do a job in 6 hours. Machine B can do the job 
in 8 hours. How many hours will it take if both machines 

are working? 

In a stream that flows at 3 miles per hour, a boy rows 9 miles 
downstream. and then back. His time returning was 3 times that 
going downstream. Find the rate at which the boy rows in 


still water. 


Activity 5. Complex Expressions 


Problems 
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Hypotheses 
1. lultiply the numerator and denominator by the common denomi- 


nator of all fractions within the problem, then simplify. 


Practice 
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Activity 6. Dividing by a Polynomial 
Problems 
1. (Sx= bx ~ 12) +(x - 2) 
Pie Garcelda 012) Pie 423) 
3. (1x®- 3x + 3x7 + 7) + (x +5) 
he (on ln? + 7n?- 12 + 9)= (n° Fu3 ) 
5. (3xt + at. bx - 8) + (x2 hy) 
Hypotheses 
1. Set the problem up like long division of arithmetic. 
2. Arrange the divisor and dividend in descending powers, using 
zero coefficients for any missing powers. 
Practice 
Le (y+ 1) + (¥ +2) 
25 (pd x + 6x + Oe (20a) 
3. (Sx = Sx + + 18x4) + (2 + 3x) 
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TREATMENT FOR GROUP D2 


Activity 1. Rational Equalities 


The students were given the list on nineteen problems to solve, 
The only instructions given were to work in pairs to find the value 


of x. The first eleven problems were given to the students on Day 1, 


and the rest of the problems were given to the students on Day 2. 
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1, Add or subtract terms by finding a common denominator. 


2. To solve equations involving rational expressions . 


Qe 


liultiply by the common denominator 
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b. Cross-multiply 
c. Gombine terms, then cross-multiply 

3. The denominator can't be zero, so when a solution makes the 

denominator zero, the solution is really the empty set. 
lh. Verify your answers to check for zero denominators. 
5. Zero is not the same as undefined. 
6. You can do the same thing to both sides of an equation. 
7. Two equations are equivalent when the way they are worked 


out and the solution are equal. 


integration Problems 
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Hypotheses from Integration Problems 


1. To solve equations with a square term, get all members on one 
side, set the equation equal to zero. 
2. There are two answers when there is a square tern. 


3. Check both answers, as one may give a zero denominator. 


Activity 2. Rational Inequalities 

The students started working the inequalities as they had equations. 
The results were incomplete or incorrect answers. The students were 
satisfied with these answers until one student produced a conflicting 


answer which was correct when substitution was used, Students then 
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used substitution to find the solution set until they found patterns, 
The teacher directed them to problems 3, 6, 7, and 9 for small group 


work to find the procedures for finding the solution set. 


Problems 
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Hypotheses 


1. In inequalities, you can't tell if x is positive or negative, 
so you must have two cases for the denominator positive and 
negative. 

2. The inequality sign does not change when multiplying both 
sides by a positive, it does change when mltiplying both sides 
by a negative. 

3. You mst conaider the conditions of the denominator being 
positive or negative along with the solutions of the inequality. 

lh. Take the more specific (intersection) of 1) the denominator 
positive and 2) the result of the inequality when the sign 
doesn't change, as one answer, Take the more specific 
(intersection) of the denominator negative and the result of 


the inequality when the sign changes direction. There are two 
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parts to the solution. 


Test solutions by substitution. 


Integration Problems 


1. 


26 
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Hypotheses Generabed . From Integration Problems 


le 


You need only the positive case in quadratic inequalities. 


Activity 3. Word Problems 
Problems 


1. 


26 


3. 
he 


Find a number such that the sum of two-thirds of the number 
and three-fifths of the number is 38. 

Five-sixths of a number is 6 more than one-half of the number. 
Find the number. 

Separate 17); into two numbers whose quotient is 20/9. 

One mumber is five times a second number. Find the numbers if 
the reciprocal of the lesser exceeds the reciprocal of the 
greater by 2/5. 

Mr. Benner drove 270 miles in the same amount of time that it 
took tte Strow, traveling 10 miles per hour faster, to travel 


330 miles. Find the rate at which Mr. Bemer drove. 
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Shawn traveled 12 miles in 2 hours. He walked half the 


6. 
distance and rode.his bicycle the remaining distance. If 
his riding rate was 3 times his walking rate, find the two 
rates at which he traveled, 

7. A bus trip of 180 miles would have taken four-fifths as long 
if the average speed had been increased by 9 miles per hour. 
Find the rate at which the bus traveled. 

8. <A barge travels 36 miles down a river in the same time that 
it takes to travel 2) miles back up. The current flows at 
3 miles per hour. What is the rate of the barge in still 
water? 

9. Al can paint a house in 6 days. Write in fractions the part 
completed in 1, 2, h, 6, and x days. 

10. Carol can clean the house in 5 hours. David can do it in 
8 hours. Write in fractions the parts done in 1 hour, 2 hours, 
3 hours, and x hours, if Carol and David work together. 

11. Carson's crew can do the cement work for a new building in 
6 days. Green's crew-would need 8 days. How many days will 
it take if the crews work together? 

12. Tom can mow his lawn in 5 hours. If Julia helps Tom, the job 
is done in 2 hours. How many hours would it take Julia 
working alone? 

Hypotheses 

1. Students remembered the formulae: d=rt, t=d/r, r=d/t 

2. Each problem was discussed separately by the group. A 


demonstration of different ways of solving each problem was 


shown and discussed. 
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Integration Problems 


1. Machine A can produce 1000 items in 12 hours. Machine B can 
do this in 10 hours. If machine B starts 2 hours after A has 
begun, how many hours will it take to produce 1000 items? 

2. Charles can paint the garage in 9 hours. Rita can do it in 
6 hours. If Charles helps Rita after she has pointed alone 
for one hour, how many hours will it take to paint the garage? 

3. <A plane flies with a tail wind of 30 miles per hour for a 
distance of 2250 miles in five-sixths of the time it takes to 
fly 200 miles into a head wind of 20 mph. Find the airspeed 
of the plane. 

lh. Fred gave Bill a five-yard head start in a 100-yard dash, and 
Fred was beaten by one-quarter yard. In how many yards more 


would Fred have overtaken Bill? 


Activity 4. Complex Expressions 


Problems 
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Hypotheses 
1. Multiply the numerator and denominator by the common 


denominator of all fractions within the problem, then simplify. 


Integration Problems 
This activity did not include any integration problems. 


aes - ener ar, De 


pao’ 2 ontdpeM ie Soh os . 

aad A todvte eited & edd fe 

fest Soot eaten St end tk ie ee 

at ‘# ob mao acre emo <, ah. monies a ies 
oteta Badmtog ast aria vette OM eqlied it he 7 

ote}, mit Pakaq oF oted dRuiiie emmet Reg he ’ 

2 ah, cond rey nol he OE te bain pat PY le caten ee 7 

anged $2 sintd anit ty atikctoney kD al eatin Oess tg: comndndh ag Ne 

bomgrnis, okt bast ccige OS Roc Bae base, £ ob weLdm OOrs eet pee 

vomsley oti $o |. | : 

ie ,fieah Diee00L o af @uade besd bxey-eee LO oreg Beet a > a 


Baler fm i" Ap 


aa ahi we 


io 
fuss i 


[ilit esdmeve exed) bode Roe <0 : 4 


— ; 
4 © L : 
= =. ee : > "4 >, 


erom eth yaoo wor of «bey Serre esae Ge noteod Bow ale 
5 


) 

tt, re 
so 
3s 


women ach gd sodoeimotiel bee “itera ot Frog 


Vitigqnis sodd melding edd ase amb gea'. Cle 28 vetsatmanb DA - 


Bus Ye 


Activity 6. Dividing by a Polynomial 


Problems 

TA Heeegarlita maby) tire mers) 

oe tere 13a - 12) = (a + 3) 

3. (3x4 + oF. Bx = 4B) = (x2 hy) 
he (y! +1) + (y +2) 

5. (bx x? + 6x +7) + (2x +2) 
Hypotheses 


1. Set the problem up like long division of arithmetic. 
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Use zero céefficients for any missing powers. 


Integration Problems 
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Hypotheses for the Integration Problems 


1. 


Arrange the divisor and dividend in descending powers. 
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STUDENT INVENTORY OF TEACHER BEHAVIOR 


Blocks 


Directions: We wish to know some of the kinds of things teachers and 
students do in mathematics classrooms. In this inventory,. each of you 
will tell how often certain things are done in your math classroom. 
After your sheets have been scored, they will be destroyed. No one 
will know what answers you gave. There are no correct or wrong 
answers. 

Read each of the items carefully and fill in the blank the letter 
of the comment on the answer sheet that most accurately describes how 
often the event takes place in your math class. 


1. When an answer is wrong, our teacher tells us immediately. 


A. Almost Always: B. Often C. Sometimes D. Seldom - E. Almost Never 


2. Our teacher shows us how to solve typical problems. 


A. Almost Always B. Often C. Sanetimes D. Seldom E. Almost Never 


3. When we ask the teacher how to solve a problem, he shows us. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
ll. When we ask the teacher how to solve a problem, he - gives us 

only hints that we may use. 

A. Almost*Never B. Seldom C. Sometimes D. Often E. Almost Always 
5. In taking up work in class, the teacher sees that we get 

correct answers to all the problems and questions asked. 

A. Almost: Always B. Often C. Sametimes D. Seldom E. Almost Never 
6. Our teacher explains each new rule before we are given 

examples to work out. 


A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
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We work on a set of problems without being given any definite 
ways of working them out. 


A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
We take up sample probkems before we begin to work on a set of 
exercises. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
Our teacher encourages us to hypothesize or make guesses at 
solutions. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
When we begin discussing work in class we mow what rules we 
will discuss. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
We seem to be discussing more than one thing at a time in 
class. 

A. Almost Never B. Seldom C. Sometimes D. Often KE. Almost Always 
We are encouraged to try solving problems even if our method 
may not work. 


A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 


Our teacher would rather ask a question about the problem than 
give the correct answer. 


A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
When one of us works problems out for other class members, our 
teacher is unhappy. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
The teacher is willing to discuss any math problems in class 
even if they are not on the topic. 


A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
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2h. 


In answering questions in class, our teacher uses his own 
examples rather than ours. 


A. Almost Always B. Often C,. Sometimes D. Seldom EE. Almost Never 
In answering my questions, our teacher refers back to the 

rules rather than what I did. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
In our class, we are given a direct answer to our question or 
problem. 

A. Almost Always B. Often C. Sometimes D. Seldom E,. Almost Never 
Our teacher gives us a rule to use for solving new kinds of 
problems. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
When we ask questions in class, the teacher would rather that 
someone from the class answer them. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
We end up with two or three ways of solving the same type of 
problem. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
Our teacher gives us a chance to try our own method before he 
points out his method, 

A. Almost Never B. Seldom C. Sometimes 0D. Often E. Almost Always 
When a student gives a wrong answer, our teacher appears 
unhappy. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 


We are asked to solve problems in only one way. 


A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
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29.6 


30. 


I feel that I can solve problems in any way that yields a 
correct solution. 


A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
When a rule won't apply to all problems, our teacher warms us 
when not to use it. 

A. Almost Always B. Often C. Sometimes D. Seldom EE. Almost Never 
In our assignments we are given problems which cannot be 

solved using rules discussed in class. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
When a new problem cames up, our teacher shows us exactly 

which rules to use. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
Our teacher lets us try for ourselves to use a rule on a 
problem even when he knows it does not work. 

A. Almost Never B. Seldom C. Sometimes D. Often E. Almost Always 
We are cautioned to think through our problems and solutions 
carefully. 

A. Almost Always B. Often C. Sometimes D. Seldom E. Almost Never 
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ACHIEVEMENT IN RATIONAL EXPRESSIONS TEST 


Name Block 


1. Which of the following are rational expressions if x =2 and y =1? 
Circle your answers. 


(a) 3B) 3 (eo) x (A) ix° +3 (e) x42 


ree Vote 
(f) x°43x4+2 (2) yo+hy+2 th) ele 
y+ 5x-lh xl ee 


2. Gives the values which are not permissable replacements for the 
variables in the following? 


(%) Te : (bs) 2 
x + 3x28 Lea ce 
(homes ee tay ee 
c-cd 
(e) xo 
(x° +5x +6) (3x~6) 
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- y-12 
y + y-20 
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xy~-3x-3y +9 3B-y x3 
Divide: 
ae (6x7. ae 2x6430 ) (3x45) 


28, (3x%= Sx=- 30) + (x= h) 


29. (on 34x +8) +(2x+h) 
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Paul can plant his wheat crop in ten days. His daughter can do 


it in fifteen days. 
together? 


How many days will it take if they work 


A motor boat travels 25 miles downstream in the same amount of 
time it takes to travel 15 miles upstream. The current flows 


at 5 miles per hour. 
water. 


Find the rate of the motorboat in still 
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PROBLEM SOLVING IN RATIONAL EXPRESSIONS TEST 


Name Block 


1. 
26 


36 


Te 


Find two rational expressions whose sum is 7x+9 
Gee) (re ye 


Express as the sum of three fractions: bx*+4 2 
x(x= 1)(x+2) 


Two cars race on a l-mile oval track. The sum of the rates at 
which they travel is 200 miles per hour. Find the rate of each 
if the faster car gains one lap in 0 minutes. 


At what time between 3 and ) o'clock will the hands of a clock be 
together? At what time will they be opposite each other? 


A job can be done by 8 men in 3 hours or by 15 boys in 5 hours. 
How long would it take 3 men and 25 boys together? 


A man contracts to build a road in 72 days, a job requiring 60 
men. The man hires 50 men who work for a while until he realizes 
that he must hire 30 more to finish on time. How many days do 
these 30 men work? 


The digits of a three-digit number are three consecutive integers. 
The middle digit is the greatest and the first digit is the least. 
If the number is divided by the sum of its digits, the quotient 
is 229/7. Find the number. 


With certain fractions, you can obtain interesting patterns by 
breaking the numerator into two equal factors and at the same 
time breaking the denominator into an indicated sum. For example: 


12 Ul cence 


“Git 
aly:d5 Val epee ee 252 
L+2+3+2+1 
What is the value of Dadadids 3c Lybydyy 2 


Ito +3 th +3+O 71 


Using the pattern, what is a fraction for 1,23),567,654, 321 ? 
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TABLE 27. CATEGORIES OF RESPONSES FOR PROBLEM 1 OF THE PSRET 
Category Description Score 
1. No response 0 
2. Repeated the question LO 
3. Multiplied the terms in the denominator 20 
lh. Separated the numerator and denominator as given, 30 

ie. (xX ae o7.? 
x+1 ° x+2 
5. Used complex fractions, ie. 7x+9 4.0 
x+ 
xt 
6. Correct answer by guessing 50 
7. Made an equation using 7x+9 60 
xT. x 
8. Separated the denominator, as x+1'x+2 and equated 70 
the numerator and denominator 
9. Used the denominator (x+1)(x+2) and separated the 80 
numerator, ie. ne + 6x+9 
(x+1L)(x+2) (x+1)(x+2) 
10. Took half,of 7x+9 90 
x+1)(x+ 
ll. Separated the numerator Bay factorable parts 100 


ie. She ets ex+h ex+2 


(xe l)(xte) | (xt lxte) (x+1)(x+2) 
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TABLE 28, CATEGORIES OF RESPONSES FOR PROBLEM 2 OF THE PSRET 


Category Description Score 
1. No response 0 
Ze Separated the numerator and denominator as given 10 

te. 1 nt lx beite 

KOE (eye ACF) 

3. Multiplied the denominator, then separated it 20 

ie. 1 Lyx? Na 

x “x2 2x 

4. Added additional terms kecrsng the numerator and 30 

denominator as given, ie. yx? +2 Pint 

nl 3 mene 
5. Factored the numerator LO 
6. Used complex fractions, ie. 50 
elie’ atone Ae-T 
7. Correct answer by guessing 60 
8. Used the denominator x(x-1)(x+2), separated the numerator 70 
+ xe+1 + ox +1 a x" 
x(xel)(x+ x(x-l)\(x Fe) | x(x-1l)(x+ 
9, Divide  x°+1 by three 80 
x(x-L)(x+2) 

10. Separated the denominator, as x* (x-I) WCET guessed at 90 

the numerators, then verified by multiplying 

ll. Separated the numerator into factorable parts 100 


ie. Ox? + hx LPs +2 Oece 3x 


x(x-L)(x +2) x(x-1)(x+2) x(x=1)(x+2) 
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TABLE 29. CATEGORIES OF RESPONSES FOR PROBLEM 3 OF THE PSRET 


Category Description Score 
1. No response 0 
2. Guess 7 
3. Incorrect formula 13 
4. Correct formula, d=rt, substituted values fromthe problem 20 

directly into the formula, ie, d=), r=200, t=h0 
5. Correct formula, d rt, substituted valués fromthe problen 27 
directly into the formula, changed.40 minutés to hours ),0/60 
6. Used a proportion, ie. 1, , _x eer 56 
EO 200 2 Kee oOO 
7. Correct formula, d=, r=201-x, t=}0 0 
8. Correct formula with a diagram 7 
9, Number of laps is 200/4=50 to get miles per hour 53 
10. Changed )O minutes to hours and used sum of rates is 200 60 
11. Correct fornmla, sum of rates expressed as} 4 67 
x+hO " x, 
used an equation. 

12. Combination of Categories 4 and 11, used two methods a 

13. Combination of Categories 6 and 11 80 

li. Made a chart for rate, distance, time 87 

15. Used the correct formula with minutes changed to hours, 93 

made an equation using rate per lap and set times equal 

16. Changed minutes to hours, calculated the difference in 100 


speed, ie. 4(2/3)=6 mph, made an equation using the 
sum of the rates equalling 200 


sak 


re) 


matory eily mnittt ‘socles badudlcwcin, 
On= 7% OGD eh at 


onc eum gi et 7 

not ze geist ot aokineaeng about bee 

(oh =F tes coe D _eluarrot Jourtey f 

smrgeth a dw elownelt dome 8 

sid nq Valin day. 09-02 sOOS a eink SG ee as 

OOS si cater te ane bese Ons even of aecmabanOd Heganmy on. 

= ages, PASO RET RePet 2h eee oy 

ss tinea 68 este oF a. 

shodtan oot Some (Es | stevia 26: mo btiatihent 7 ? a 
4 var 2 csiwaneno te bdo 

teatmeeinad .otor 0% dade a aba 


- 


vP 


TABLE 30. CATEGORIES OF RESPONSES FOR PROBLEM OF THE PSRET 


Category Description Scere 
1. Guess with no work shown 20 
2. Drew a picture of a clock ho 
3. Used rates of travil of minute and hour hands 60 
4. Used rates of travel of minute and hour hands with a 80 

diagram 


5. Made a table of times for minute and hour hands 100 


152 


lunar sort rite odie’ 46 
Lad sunit bee otuaster Yo noes 3 


wed Oe ator toh — haves? ahem « 


™~? rw = 


a 


ee 7 


rw a 


TABLE 31. 


Category 


CATEGORIES OF RESPONSES FOR PROBLEM 5 OF THE PSRET 


Description 


15. 


17. 


No response 

Guess 

Expression 3/8 +2/25, then inverted 
Equation 8/3+15/5=x 

Equation 1/3+1/5 =8/13 

Equation 3/8 + 1/3 =x/3+x/25 
Equation 8/3+15/5 =3/x + 25/x 


Used deduction: 8 men-3 hours, 3 men-3 x hours 
15 boys-5 hours, 25 boys-5-x hours 


Used deduction: 1 man in 3/8 hour, 1 boy in 1/3 hour 
Then tried equations: 5x(3) =15y(5) 


Equation 3,25 _ 
Mier: 1 


Equation 3x +25 ae 


Equation 15 +10 


x 


3 ol 
xt Bh 


Equation <x baa 
378 * 25715 = + 
Equation x(8/3+15/5)=1 and x 


eee om 
otters 


Chart: men Cir a.e. 7S boys 15 30 25 
hours 3 6 12 9 5 Os 2% 


Equation: 3x 8x _ 2h 
oy * 2h ef 


Score 


LOO 
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TABLE 32. 


Category Description 


1. 
26 


36 


13. 


No response 

Guess 

Restating the problen 

Ratios, ie. 72/60, 72/50, 180/5, 300/5 
Equation: 60+ 72 = 50+72= x +30-x 


Equation: 72 _ 20 , 30 
60 pa 


x x 
Equation: 72~( (72+ 2)+(36+2) ) =18 


Equations 72 50 
x 


Equation: 50x+ 80y =72 


Equation [{72=60)3/8 30 = 3 


Formula: job=time x men, Equation: x = 50/72 +80/72 


Equation: 72 _ x +30 
60pm Op: 


Equation: 50, 30 _ 60 
Equation: 60 _ 80x 
(2 
Equation: 50 , 80 60 
Proportions: 60 2 50 60 0 80 
ee 


Equation: (50+30)(72+x)=1 
Equation: (50-x)/60 = 1 


Equations: 30 men=1hh, 50 men =86.5, x x 


ales 28a: 
B6.5 "Ih ~ 72 


CATEGORIES OF RESPONSES FOR PROBLEM 6 OF THE PSRET 


Score 
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TABLE 32. (Con'd) 


Category Description Score 

20; Bquabioniw” x. x _. 95 
56 +36 =1 

21. Deduction: 72 x 60=)320 man days 100 


72 x 50 =3600 man days 
4320 - 3600 = 720 — 720/30=2) 
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ead 
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TABLE 33. 


CATEGORIES OF RESPONSES FOR PROBLEM 7 OF THE PSRET 


Category Description 


No response 


Guess 


Equation: - = - Bb 


Contends that the problem cannot be solved since three 
consecutive integers cannot have the middle number largest 


Ratio: 229/7 = 33 


Ratio: x 
22 


Deduction: x+2x+3x, x=1229/7 


Equations x x+1, x+2 _ 229 
as i a ae 


Equation: Ix+2x+3%=_  _— = 229/7 


Expression: (x+ 1) esau: +(x+3) 
x 


Expression: (3x +3): 229/7 


Expression: 229 x 3 _ 687 
Vas Te 


Equation: xyz _ 229 No place value 


X+Y+2Z 


Equation: x(x+2)(x+l) _ 229 No place value 
34 aay Oa 


Equation: 229/7 (x+x+1+x+2)=x 
Prec’ 


x 
(xF1)4(x +2) +(xt3) °° #7 


Table of possible values, trial and error: 
123, 2345 345,456, 567,678, 769 


Equation: 


Equations: abc 229 atbtce<2h, trial and error 


~~ 


<—es . 


Score 


89 
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TABLE 33s. (Con'd) 


Category Description Score 


(SRR et ren remrnenie - ce ners Sen ch ARE IAEA RENEE A GEREN i SOCRATES p R 


19. Equation: 100(x-1)+10(x+1)+x_ _ 229 100 
x au 


TABLE 34. CATEGORIES OF RESPONSES FOR PROBLEM 8 OF THE PSRET 


Category Description Score 
1. No response 8) 
2. Computation in both parts 1h 
3. Computation in first part, no answer in second part 29 
lh. No response first part, pattern second part 43 
5. Computation first part, pattern second part, verified by 57 
canputation 
6. Computation first part, pattern second part (al 
7. Made a table showing the pattern 86 


8. Pattern both parts 100 
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